INCLUDES b FREE

MANHATTAN PREP PRACTICE EXANS|

it

Z.  NUMBER PROPERTIES

MASTER EFFECTIVE GRE PROBLEM SOLVING STRATEGIES

BUILD UNDERSTANDING OF FACTORS, EXPONENTS, ROOTS, & MORE

REVIEW PRACTICE PROBLEMS WITH DETAILED EXPLANATIONS

99TH PERCENTILE INSTRUCTORS « CONTENT-BASED CURRICULUM

ERE S L ESISTERSE TRECSEMARE O0F ERUCAI oML TEST NG SEXNICE (K15, WHIH K NEITHER SFONSHRS B0E CRQDRSES THIS FREDLET
https://ieltstep.com




MANHATTAN PREP

https://ieltstep.com



Number Properties

GRE® Strategy Guide

The Number Properties guide provides a comprehensive analysis of the properties and
rules of integers tested on the GRE, addressing topics from prime products to
consecutive integers.

https://ieltstep.com



Number Properties GRE Strategy Guide, Fourth Edition

10-digit International Standard Book Number: 1-937707-86-5
13-digit International Standard Book Number: 978-1-937707-86-6
eISBN: 978-1-941234-16-7

Copyright © 2014 MG Prep, Inc.

ALL RIGHTS RESERVED. No part of this work may be reproduced or used in any form or by any means—graphic, electronic, or
mechanical, including photocopying, recording, taping, or web distribution—without the prior written permission of the publisher, MG
Prep, Inc.

Note: GRE, Graduate Record Exam, Educational Testing Service, and ETS are all registered trademarks of the Educational Testing
Service, which neither sponsors nor is affiliated in any way with this product.

Layout Design: Dan McNaney and Cathy Huang
Cover Design: Dan McNaney and Frank Callaghan
Cover Photography: Sam Edla

https://ieltstep.com



INSTRUCTIONAL GUIDE SERIES

Algebra B Word Problems

(ISBN: 978-1-937707-83-5) (ISBN: 978-1-937707-90-3)
Fractions, Decimals, & E Quantitative Comparisons &

Percents Data Interpretation
(ISBN: 978-1-937707-84-2) (ISBN: 978-1-937707-87-3)
Reading Comprehension &
Geometry
(ISBN: 978-1-937707-85-9) Essays

(ISBN: 978-1-937707-88-0)
Text Completion & Sentence

Equivalence
(ISBN: 978-1-937707-89-7)

SUPPLEMENTAL MATERIALS

Number Properties B
(ISBN: 978-1-937707-86-6)

500 Essential Words: 500 Advanced Words:

GRE® Vocabulary Flash Cards GRE® Vocabulary Flash Cards

(ISBN: 978-1-935707-89-9) https://ieltstep.com (ISBN: 978-1-935707-88-2)



500 GRE® Math Flash Cards S1b. Book of GRE® Practice Problems
(ISBN: 978-1-937707-31-6) (ISBN: 978-1-937707-29-3)

https://ieltstep.com



MANHATTAN
PREP

June 3rd, 2014
Dear Student,

Thank you for picking up a copy of Number Properties. 1 hope this book provides just the guidance
you need to get the most out of your GRE studies.

As with most accomplishments, there were many people involved in the creation of the book you are
holding. First and foremost is Zeke Vanderhoek, the founder of Manhattan Prep. Zeke was a lone tutor
in New York when he started the company in 2000. Now, 14 years later, the company has instructors
and offices nationwide and contributes to the studies and successes of thousands of GRE, GMAT,
LSAT, and SAT students each year.

Our Manhattan Prep Strategy Guides are based on the continuing experiences of our instructors and
students. We are particularly indebted to our instructors Stacey Koprince, Dave Mahler, Liz Ghini
Moliski, Emily Meredith Sledge, and Tommy Wallach for their hard work on this edition. Dan
McNaney and Cathy Huang provided their design expertise to make the books as user-friendly as
possible, and Liz Krisher made sure all the moving pieces came together at just the right time. Beyond
providing additions and edits for this book, Chris Ryan and Noah Teitelbaum continue to be the
driving force behind all of our curriculum efforts. Their leadership is invaluable. Finally, thank you to
all of the Manhattan Prep students who have provided input and feedback over the years. This book
wouldn't be half of what it is without your voice.

At Manhattan Prep, we continually aspire to provide the best instructors and resources possible. We
hope that you will find our commitment manifest in this book. If you have any questions or comments,
please email me at dgonzalez(@manhattanprep.com. I'll look forward to reading your comments, and
I'll be sure to pass them along to our curriculum team.

Thanks again, and best of luck preparing for the GRE!

Sincerely,
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President
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Introduction

We know that you're looking to succeed on the GRE so that you can go to graduate school and do the
things you want to do in life.

We also know that you may not have done math since high school, and that you may never have
learned words like “adumbrate” or “sangfroid.” We know that it's going to take hard work on your
part to get a top GRE score, and that's why we've put together the only set of books that will take you
from the basics all the way up to the material you need to master for a near-perfect score, or whatever
your goal score may be. You've taken the first step. Now it's time to get to work!

How to Use These Materials

Manhattan Prep's GRE materials are comprehensive. But keep in mind that, depending on your score
goal, it may not be necessary to get absolutely everything. Grad schools only see your overall
Quantitative, Verbal, and Writing scores—they don't see exactly which strengths and weaknesses
went into creating those scores.

You may be enrolled in one of our courses, in which case you already have a syllabus telling you in
what order you should approach the books. But if you bought this book online or at a bookstore, feel
free to approach the books—and even the chapters within the books—in whatever order works best
for you. For the most part, the books, and the chapters within them, are independent; you don't have to
master one section before moving on to the next. So if you're having a hard time with something in
particular, you can make a note to come back to it later and move on to another section. Similarly, it
may not be necessary to solve every single practice problem for every section. As you go through the
material, continually assess whether you understand and can apply the principles in each individual
section and chapter. The best way to do this is to solve the Check Your Skills and Practice Sets
throughout. If you're confident you have a concept or method down, feel free to move on. If you
struggle with something, make note of it for further review. Stay active in your learning and stay
oriented toward the test—it's easy to read something and think you understand it, only to have trouble
applying it in the 1-2 minutes you have to solve a problem.

Study Skills

As you're studying for the GRE, try to integrate your learning into your everyday life. For example,
vocabulary 1s a big part of the GRE, as well as something you just can't “cram” for—you're going to
want to do at least a little bit of vocab every day. So try to learn and internalize a little bit at a time,
switching up topics often to help keep things interesting.
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Keep in mind that, while many of your study materials are on paper (including Education Testing
Service's [ETS's] most recent source of official GRE questions, The Official Guide to the GRE
revised General Test, Second Edition), your exam will be administered on a computer. Because this
1s a computer-based test, you will not be able to underline portions of reading passages, write on
diagrams of geometry figures, or otherwise physically mark up problems. So get used to this now.
Solve the problems in these books on scratch paper. (Each of our books talks specifically about what
to write down for different problem types.)

Again, as you study, stay focused on the test-day experience. As you progress, work on timed drills
and sets of questions. Eventually, you should be taking full practice tests (available at
www.manhattanprep.com/gre) under actual timed conditions.

The Revised GRE

As of August 1, 2011, the Quantitative and Verbal sections of the GRE underwent a number of
changes. The actual body of knowledge being tested is more or less the same as it ever was, but the
way that knowledge is tested changed. Here's a brief summary of the changes, followed by a more
comprehensive assessment of the new exam.

The current test is a little longer than the old test, lengthened from about 3.5 hours to about 4 hours.
When you sign up for the exam at www.ets.org/gre, you will be told to plan to be at the center for 5
hours, since there will be some paperwork to complete when you arrive, and occasionally test-takers
are made to wait a bit before being allowed to begin.

Taking a four-hour exam can be quite exhausting, so it's important to practice not only out of these
books, but also on full-length computer-based practice exams, such as the six such exams you have
gained access to by purchasing this book (see page 7 for details).

There are now two scored Math sections and two scored Verbal sections. A new score scale of 130—
170 1s used in place of the old 200—800 scale. More on this later.

The Verbal section of the GRE changed dramatically. The Antonyms and Analogies disappeared. The
Text Completion and Reading Comprehension remain, expanded and remixed in a few new ways.
Vocabulary is still important, but is tested only in the context of complete sentences.

The Quant section of the new GRE still contains the same multiple-choice problems, Quantitative
Comparisons, and Data Interpretations (which are really a subset of multiple-choice problems). The
revised test also contains two new problem formats, which we will introduce in this section.

On both Verbal and Quant, some of the new question types have more than one correct answer, or
otherwise break out of the mold of traditional multiple-choice exams. You might say that computer-
based exams are finally taking advantage of the features of computers.

One way that this is true is that the new exam inc}_udes a small, on-screen, four-function calculator
/lieltstep.com
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the GRE calculator will reduce emphasis on computation—but look out for problems, such as
percents questions with tricky wording, that are likely to foil those who rely on the calculator too
much. In short, the calculator may make your life a bit easier from time to time, but it's not a game
changer. There are zero questions that can be solved entirely with a calculator. You will still need to
know the principles contained in the six Quant books (of the eight-book Manhattan Prep GRE series).

Finally, don't worry about whether the new GRE is harder or easier than the old GRE. You are being
judged against other test-takers, all of whom are in the same boat. So if the new formats are harder,
they are harder for other test-takers as well.

Additionally, graduate schools to which you will be applying have been provided with conversion
charts so that applicants with old and new GRE scores can be compared fairly (GRE scores are valid
for five years).

Exam Structure

The revised test has six sections. You will get a 10-minute break between the third and fourth sections
and a 1-minute break between the others. The Analytical Writing section is always first. The other
five sections can be seen in any order and will include:

e Two Verbal Reasoning sections (20 questions each in 30 minutes per section)
e Two Quantitative Reasoning sections (20 questions each in 35 minutes per section)

e Either an unscored section or a research section

An unscored section will look just like a third Verbal or Quantitative Reasoning section, and you will
not be told which of them doesn't count. If you get a research section, it will be identified as such, and
will be the last section you get.
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Section # Section Type # Questions Time Scored?

1 Analytical Writing 2 essays 30 minutes each Yes
ferbal # " T .
2 Verbal #1 Approx. 20 30 minutes Yes
Cuanritative #1
3 (ovder can vary) Approx. 20 35 minutes Yes
10-Minute Break
[ . i . -
4 Verbal #2 Approx. 20 30 minurtes Yes

Cuantitative #2

5 {ovder can vary) Approx. 20 35 minutes Yes

Unscored Section
? (Verbal or Quant, Approx. 20 30 or 35 minutes Mo

C?F!'Ilt’?" CaR i“_]-'_.-I

Last Research Section Waries Varies Mo

All the question formats will be looked at in detail later in the chapter.

Using the Calculator

The addition of a small, four-function calculator with a square root button means that re-memorizing
times tables or square roots is less important than it used to be. However, the calculator is not a cure-
all; in many problems, the difficulty is in figuring out what numbers to put into the calculator in the
first place. In some cases, using a calculator will actually be less helpful than doing the problem
some other way. Take a look at an example:

If x 1s the remainder when (11)(7) 1s divided by 4 and y is the remainder when (14)(6) is
divided by 13, what is the value of x + »?

Solution: This problem is designed so that the calculator won't tell the whole story. Certainly, the
calculator will tell you that 11 x 7 =77. When you divide 77 by 4, however, the calculator yields an
answer of 19.25. The remainder is not 0.25 (a remainder is always a whole number).

You might just go back to your pencil and paper, and find the largest multiple of 4 that is less than 77.

Since 4 does go into 76, you can conclude that 4 would leave a remainder of 1 when dividing into 77.
(Notice that you don't even need to know how many times 4 goes into 76, just that it goes in. One way
to mentally “jump” to 76 is to say, 4 goes into 40, so it goes into 80...that's a bit too big, so take away
4 to get 76.)
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However, it is also possible to use the calculator to find a remainder. Divide 77 by 4 to get 19.25.
Thus, 4 goes into 77 nineteen times, with a remainder left over. Now use your calculator to multiply
19 (JUST 19, not 19.25) by 4. You will get 76. The remainder is 77 — 76, which is 1. Therefore, x =
1. You could also multiply the leftover 0.25 times 4 (the divisor) to find the remainder of 1.

Use the same technique to find y. Multiply 14 by 6 to get 84. Divide 84 by 13 to get 6.46. Ignore
everything after the decimal, and just multiply 6 by 13 to get 78. The remainder is therefore 84 — 78,
which is 6. Therefore, y = 6.

Since you are looking for x + y, and 1 + 6 =7, the answer is 7.

You can see that blind faith in the calculator can be dangerous. Use it responsibly! And this leads us
to...

Practice Using the Calculator!

On the revised GRE, the on-screen calculator will slow you down or lead to incorrect answers if
you're not careful! If you plan to use it on test day (which you should), you'll want to practice first.

We have created an online practice calculator for you to use. To access this calculator, go to
www.manhattanprep.com/gre and sign in to the student center using the instructions on the “How to
Access Your Online Resources” page found at the front of this book.

In addition to the calculator, you will see instructions for how to use the calculator. Be sure to read
these instructions and work through the associated exercises. Throughout our math books, you will

—
T Al

see the symbol. This symbol means “Use the calculator here!” As much as possible, have the

online preictice calculator up and running during your review of our math books. You'll have the
chance to use the on-screen calculator when you take our practice exams as well.

Navigating the Questions in a Section

Another change for test-takers on the revised GRE is the ability to move freely around the questions
in a section—you can go forward and backward one-by-one and can even jump directly to any
question from the “review list.” The review list provides a snapshot of which questions you have
answered, which ones you have tagged for “mark and review,” and which are incomplete, either
because you didn't indicate enough answers or because you indicated too many (that is, if a number of
choices is specified by the question). You should double-check the review list for completion if you
finish the section early. Using the review list feature will take some practice as well, which is why
we've built it into our online practice exams.

The majority of test-takers will be pressed for time. Thus, for some, it won't be feasible to go back to
multiple problems at the end of the section. Generally, if you can't get a question the first time, you
won't be able to get it the second time around either. With this in mind, here's the order in which we

. . . https://ieltstep.com
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1. Do the questions in the order in which they appear.

2. When you encounter a difficult question, do your best to eliminate answer choices you know
are wrong.

3. Ifyou're not sure of an answer, take an educated guess from the choices remaining. Do NOT
skip it and hope to return to it later.

4. Using the “mark” button at the top of the screen, mark up to three questions per section that
you think you might be able to solve with more time. Mark a question only after you have
taken an educated guess.

5. Always click on the review list at the end of a section, to quickly make sure you have neither
skipped nor incompletely answered any questions.

6. If you have time, identify any questions that you marked for review and return to them. If you
do not have any time remaining, you will have already taken good guesses at the tough ones.

What you want to avoid is surfing—clicking forward and backward through the questions searching
for the easy ones. This will eat up valuable time. Of course, you'll want to move through the tough
ones quickly if you can't get them, but try to avoid skipping around.

Again, all of this will take practice. Use our practice exams to fine-tune your approach.

Scoring

You need to know two things about the scoring of the revised GRE Verbal Reasoning and Quantitative
Reasoning sections: (1) how individual questions influence the score, and (2) the score scale itself.

For both the Verbal Reasoning and Quantitative Reasoning sections, you will receive a scaled score,
based on both how many questions you answered correctly and the difficulties of the specific
questions you actually saw.

The old GRE was question-adaptive, meaning that your answer to each question (right or wrong)
determined, at least somewhat, the questions that followed (harder or easier). Because you had to
commit to an answer to let the algorithm do its thing, you weren't allowed to skip questions or to go
back to change answers. On the revised GRE, the adapting occurs from section to section rather than
from question to question (e.g., if you do well on the first Verbal section, you will get a harder second
Verbal section). The only change test-takers will notice is one that most will welcome: you can now
move freely about the questions in a section, coming back to tough questions later, changing answers
after “Aha!” moments, and generally managing your time more flexibly.

The scores for the revised GRE Quantitative Reasoning and Verbal Reasoning are reported ona 130—
170 scale in 1-point increments, whereas the old score reporting was on a 200—800 scale in 10-point
increments. You will receive one 130170 score for Verbal and a separate 130—170 score for Quant.
If you are already putting your GRE math skills to work, you may notice that there are now 41 scores
possible (170 — 130, then add 1 before you're done), whereas before there were 61 scores possible
([800 —200]/10, then add 1 before you're dogg?_./ In other words, a 10-point difference on the old

o fieltstepy, : .
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scale. However, the GRE folks argue that perception is reality: the difference between 520 and 530
on the old scale could simply seem greater than the difference between 151 and 152 on the new scale.
If that's true, then this change will benefit test-takers, who won't be unfairly compared by schools for
minor differences in performance. If not true, then the change is moot.

Question Formats in Detail

Essay Questions

The Analytical Writing section consists of two separately timed 30-minute tasks: Analyze an Issue
and Analyze an Argument. As you can imagine, the 30-minute time limit implies that you aren't aiming
to write an essay that would garner a Pulitzer Prize nomination, but rather to complete the tasks
adequately and according to the directions. Each essay is scored separately, but your reported essay
score 1s the average of the two, rounded up to the next half-point increment on a 0—6 scale.

Issue Task: This essay prompt will present a claim, generally one that is vague enough to be
interpreted in various ways and discussed from numerous perspectives. Your job as a test-taker is to
write a response discussing the extent to which you agree or disagree and support your position. Don't
sit on the fence—pick a side!

For some examples of Issue Task prompts, visit the GRE website here:

www.ets.org/gre/revised general/prepare/analytical writing/issue/pool

Argument Task: This essay prompt will be an argument comprised of both a claim (or claims) and
evidence. Your job is to dispassionately discuss the argument's structural flaws and merits (well,
mostly the flaws). Don't agree or disagree with the argument—simply evaluate its logic.

For some examples of Argument Task prompts, visit the GRE website here:
www.ets.org/gre/revised general/prepare/analytical writing/argument/pool

Verbal: Reading Comprehension Questions
Standard five-choice multiple-choice Reading Comprehension questions continue to appear on the
revised exam. You are likely familiar with how these work. Let's take a look at two new Reading

Comprehension formats that will appear on the revised test.

Select One or More Answer Choices and Select-in-Passage

For the question type “Select One or More Answer Choices,” you are given three statements about a
passage and asked to “indicate all that apply.” Either one, two, or all three can be correct (there is no
“none of the above” option). There is no partial credit; you must indicate all of the correct choices
and none of the incorrect choices. https://ieltstep.com
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Strategy Tip: On “Select One or More Answer Choices,” don't let your brain be tricked into
telling you, “Well, if two of them have been right so far, the other one must be wrong,” or any
other arbitrary idea about how many of the choices should be correct. Make sure to consider
each choice independently! You cannot use “process of elimination” in the same way as you do
on normal multiple-choice questions.

For the question type “Select-in-Passage,” you are given an assignment such as “Select the sentence
in the passage that explains why the experiment's results were discovered to be invalid.” Clicking
anywhere on the sentence in the passage will highlight it. (As with any GRE question, you will have
to click “Confirm” to submit your answer, so don't worry about accidentally selecting the wrong
sentence due to a slip of the mouse.)

Strategy Tip: On “Select-in-Passage,” if the passage is short, consider numbering each
sentence (1.e., writing 1 2 3 4 on your paper) and crossing off each choice as you determine that
it isn't the answer. If the passage is long, you might write a number for each paragraph (I, II,
I1I), and tick off each number as you determine that the correct sentence is not located in that

paragraph.

Now give these new question types a try:
The sample questions below are based on this passage:

Physicist Robert Oppenheimer, director of the fateful Manhattan Project, said, “Itis a
profound and necessary truth that the deep things in science are not found because they are
useful; they are found because it was possible to find them.” In a later address at MIT,
Oppenheimer presented the thesis that scientists could be held only very nominally
responsible for the consequences of their research and discovery. Oppenheimer asserted that
ethics, philosophy, and politics have very little to do with the day-to-day work of the scientist,
and that scientists could not rationally be expected to predict all the effects of their work. Yet,
in a talk in 1945 to the Association of Los Alamos Scientists, Oppenheimer offered some
reasons why the Manhattan Project scientists built the atomic bomb; the justifications included
“fear that Nazi Germany would build it first” and “hope that it would shorten the war.”

For question #1, consider each of the three choices separately and indicate all that apply.

1. The passage implies that Robert Oppenheimer would most likely have agreed with which of the
following views:

Some scientists take military goals into account in their work
Deep things in science are not useful
The everyday work of a scientist is only minimally involved with ethics

2. Select the sentence in which the writer implies that Oppenheimer has not been consistent in his
view that scientists have little consideratignfordhegédects of their work.



(Here, you would highlight the appropriate sentence with your mouse. Note that there are only four
options.)

Solutions

1. (A) and (C): Oppenheimer says in the last sentence that one of the reasons the bomb was built was
scientists’ hope that it would shorten the war. Thus, Oppenheimer would likely agree with the view
that Some scientists take military goals into account in their work. (B) is a trap answer using
familiar language from the passage. Oppenheimer says that scientific discoveries’ possible usefulness
is not why scientists make discoveries; he does not say that the discoveries aren't useful.
Oppenheimer specifically says that ethics has very little to do with the day-to-day work of the
scientist, which is a good match for only minimally involved with ethics.

Strategy Tip: On “Select One or More Answer Choices,” write A B C on your paper and mark
each choice with a check, an X, or a symbol such as ~ if you're not sure. This should keep you
from crossing out all three choices and having to go back (at least one of the choices must be
correct). For example, say that on a different question you had marked

A X
B. ~
C. X

The answer choice you weren't sure about, (B), is likely to be correct, since there must be at
least one correct answer.

2. The correct sentence is: Yet, in a talk in 1945 to the Association of Los Alamos Scientists,
Oppenheimer offered some reasons why the Manhattan Project scientists built the atomic
bomb; the justifications included “fear that Nazi Germany would build it first” and “hope that it
would shorten the war.” The word “yet” is a good clue that this sentence is about to express a view
contrary to the views expressed in the rest of the passage.

Verbal: Text Completion Questions

Text Completions can consist of 1-5 sentences with 1-3 blanks. When Text Completions have two or
three blanks, you will select words or short phrases for those blanks independently. There 1s no
partial credit; you must make every selection correctly.

Leaders are not always expected to (1) the same rules as are those they
lead; leaders are often looked up to for a surety and presumption that would be viewed as (i1)
in most others.

Blank (1) Blank (i1)
decree hubris

proscribe FVAEIBBitstep.com
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Select your two choices by actually clicking and highlighting the words you want.

Solution

In the first blank, you need a word similar to “follow.” In the second blank, you need a word similar
to “arrogance.” The correct answers are conform to and hubris.

Strategy Tip: Do NOT look at the answer choices until you've decided for yourself, based on
textual clues actually written in the sentence, what kind of word needs to go in each blank. Only
then should you look at the choices and eliminate those that are not matches.

Now try an example with three blanks:

For Kant, the fact of having a right and having the (1) to enforce it via coercion

cannot be separated, and he asserts that this marriage of rights and coercion is compatible

with the freedom of everyone. This is not at all peculiar from the standpoint of modern

political thought—what good is a right if its violation triggers no enforcement (be it

punishment or (i1) )? The necessity of coercion is not at all in conflict with the

freedom of everyone, because this coercion only comes into play when someone has (ii1)
someone else.

Blank (1) Blank (i1) Blank (iii)
technique amortization questioned the hypothesis of
license reward violated the rights of
prohibition restitution granted civil liberties to

Solution

In the first sentence, use the clue “he asserts that this marriage of rights and coercion is compatible
with the freedom of everyone” to help fill in the first blank. Kant believes that “coercion” is “married
to” rights and is compatible with freedom for all. So you want something in the first blank like “right”
or “power.” Kant believes that rights are meaningless without enforcement. Only the choice license
can work (while a /icense can be physical, like a driver's license, /icense can also mean “right”).

The second blank is part of the phrase “punishment or ,” which you are told is the
“enforcement” resulting from the violation of a right. So the blank should be something, other than
punishment, that constitutes enforcement against someone who violates a right. (More simply, it
should be something bad.) Only restitution works. Restitution is compensating the victim in some
way (perhaps monetarily or by returning stolen goods).

In the final sentence, “coercion only comes into play when someone has someone else.”
Throughout the text, “cogrcign” means enforggrgzl;/%‘hgg)ag}%t someone who has violated the rights of
someone else. The meaning is the same here. The answer is violated the rights of.



The complete and correct answer is this combination:

Blank (1) Blank (i1) Blank (iii)
license restitution violated the rights of

In theory, there are 3 % 3 X 3, or 27 possible ways to answer a three-blank Text Completion—and
only one of those 27 ways is correct. In theory, these are bad odds. In practice, you will often have
certainty about some of the blanks, so your guessing odds are almost never this bad. Just follow the
basic process: come up with your own filler for each blank, and match to the answer choices. If
you're confused by this example, don't worry! The Manhattan Prep Text Completion & Sentence
Equivalence GRE Strategy Guide covers all of this in detail.

Strategy Tip: Do not write your own story. The GRE cannot give you a blank without also
giving you a clue, physically written down in the passage, telling you what kind of word or
phrase must go in that blank. Find that clue. You should be able to give textual evidence for
each answer choice you select.

Verbal: Sentence Equivalence Questions

For this question type, you are given one sentence with a single blank. There are six answer choices,
and you are asked to pick two choices that fit the blank and are alike in meaning.

Of the Verbal question types, this one depends the most on vocabulary and also yields the most to
strategy.

No partial credit 1s given on Sentence Equivalence; both correct answers must be selected and no
incorrect answers may be selected. When you pick 2 of 6 choices, there are 15 possible combinations
of choices, and only one is correct. However, this is not nearly as daunting as it sounds.

Think of it this way: if you have six choices, but the two correct ones must be similar in meaning, then
you have, at most, three possible pairs of choices, maybe fewer, since not all choices are guaranteed
to have a partner. If you can match up the pairs, you can seriously narrow down your options.

Here is a sample set of answer choices:

tractable
taciturn
arbitrary
D] tantamount
[E] reticent
amenable

The question is deliberately omitted here in SIRILHE HIW¢trate how much you can do with the choices



alone, if you have studied vocabulary sufficiently.

Tractable and amenable are synonyms (tractable, amenable people will do whatever you want them
to do). Taciturn and reticent are synonyms (both mean “not talkative”).

Arbitrary (based on one's own will) and tantamount (equivalent) are not similar in meaning and
therefore cannot be a pair. Therefore, the only possible correct answer pairs are (A) and (F), and (B)
and (E). You have improved your chances from 1 in 15 to a 50/50 shot without even reading the
question!

Of course, in approaching a Sentence Equivalence, you do want to analyze the sentence in the same
way you would a Text Completion—read for a textual clue that tells you what type of word must go in
the blank. Then look for a matching pair.

Strategy Tip: If you're sure that a word in the choices does not have a partner, cross it out! For
instance, if (A) and (F) are partners and (B) and (E) are partners, and you're sure neither (C)
nor (D) pair with any other answer, cross out (C) and (D) completely. They cannot be the
answer together, nor can either one be part of the answer.

The sentence for the answer choice above could read as follows:

Though the dinner guests were quite , the hostess did her best to keep the
conversation active and engaging.

Thus, (B) and (E) are the best choices.

Try another example:
While athletes usually expect to achieve their greatest feats in their teens or twenties, opera
singers don't reach the of their vocal powers until middle age.
harmony
zenith
acme
@ terminus
[E] nadir
cessation

Solution

Those with strong vocabularies might go straight to the choices to make pairs. Zenith and acme are
synonyms, meaning “high point, peak.” Terminus and cessation are synonyms meaning “end.” Nadir
is a low point and harmony is present here as a trap answer reminding you of opera singers. Cross
off (A) and (E), .since they do not have partngrs. /;l;é?_tes%p.%)mbaCk to the sentence, knowing that your only
options are a pair meaning “peak’ and a pair meaning “end.”



The correct answer choices are (B) and (C).

Math: Quantitative Comparison

In addition to regular multiple-choice questions and Data Interpretation questions, Quantitative
Comparisons have been on the exam for a long time.

Each question contains a “Quantity A” and a “Quantity B,” and some also contain common
information that applies to both quantities. The four answer choices are always worded exactly as
shown in the following example:

x>0
Quantity A Quantity B
2
X X

(A) Quantity A 1s greater.
(B) Quantity B is greater.
(C) The two quantities are equal.

(D) The relationship cannot be determined from the information given.
Solution

If x = 0, then the two quantities are equal. If x = 2, then Quantity (B) is greater. Thus, you don't have
enough information.

The answer is (D).

Next, take a look at the new math question formats.

Math: Select One or More Answer Choices

According to the Official Guide to the GRE revised General Test, the official directions for “Select
One or More Answer Choices” read as follows:

Directions: Select one or more answer choices according to the specific question directions.

If the question does not specify how many answer choices to indicate, indicate all that apply.

The correct answer may be just one of the choices or as many as all of the choices, depending
on the question.

No credit is given unless you indicate all of the correct choices and no others.

If the question specifies how many answer choices to indicate, indicate exactly that number of
choices. https://ieltstep.com



Note that there is no partial credit. If three of six choices are correct, and you indicate two of the
three, no credit is given. If you are told to indicate two choices and you indicate three, no credit is
given. It will also be important to read the directions carefully.

Here's a sample question:
If ab = |a| x |b| and ab # 0, which of the following must be true?

Indicate all such statements.

a=>b
a>0andb>0
ab>0

Note that only one, only two, or all three of the choices may be correct. (Also note the word “must” in
the question stem!)

Solution

If ab = |a| x |b|, then you know ab i1s positive, since the right side of the equation must be positive. If
ab 1is positive, however, that doesn't necessarily mean that a and b are each positive; it simply means
that they have the same sign.

Answer choice (A) is not correct because it is not true that @ must equal b; for instance, a could be 2
and b could be 3.

Answer choice (B) is not correct because it is not true that @ and » must each be positive; for
instance, a could be —3 and b could be —4.

Now look at choice (C). Since |a| % |b| must be positive, ab must be positive as well; that is, since two
sides of an equation are, by definition, equal to one another, if one side of the equation is positive, the
other side must be positive as well. Thus, answer (C) is correct.

Strategy Tip: Make sure to fully process the statement in the question (simplify it or list the
possible scenarios) before considering the answer choices. That is, don't just look at ab = |a| x
|b|—rather, it's your job to draw inferences about the statement before plowing ahead. This will
save you time in the long run!

Note that “indicate all that apply” didn't really make the problem harder. This is just a typical
Inference-based Quant problem (for more problems like this one, see the Manhattan Prep Number
Properties guide as well as the Quantitative Comparisons & Data Interpretation guide).

After all, not every real-life problem has exactly five possible solutions; why should problems on the
GRE?

https://ieltstep.com



Math: Numeric Entry

This question type requires the test-taker to key a numeric answer into a box on the screen. You are
not able to work backwards from answer choices, and in many cases, it will be difficult to make a
guess. However, the principles being tested are the same as on the rest of the exam.

Here is a sample question:

If xAy =2xy — (x —y), what is the value of 3A4?

Solution

You are given a function involving two variables, x and y, and asked to substitute 3 for x and 4 for y:

XAy =2xy —(x — )
3A4=2(3)(4)—(3—4)
3A4=24—-(-1)
3A4 =25

The answer 1s 25.

Thus, you would type 25 into the box.

Okay. You've now got a good start on understanding the structure and question formats of the new
GRE. Now it's time to begin fine-tuning your skills.

https://ieltstep.com
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Divisibility & Primes

There is a category of problems on the GRE that tests what could broadly be referred to as “Number
Properties.” These questions are focused on a very important subset of numbers known as integers.
Before we explore divisibility any further, it will be necessary to understand exactly what integers
are and how they function.

Integers are whole numbers. That means that they are numbers that do not have any decimals or
fractions attached. Some people think of them as counting numbers, that is, 1, 2, 3...etc. Integers can
be positive, and they can also be negative. For instance, —1, —2, —3...etc. are all integers as well.
And there's one more important number that qualifies as an integer: 0.

So numbers such as 7, 15,003, =346, and O are all integers. Numbers such as 1.3, 3/4, and « are not
integers.

Now let's look at the rules for integers when dealing with the four basic operations: addition,
subtraction, multiplication and division.

integer + integer = always an integer ex.4+11=15
integer — integer = always an integer ex. =5 —32=-37
integer X integer = always an integer ex. 14 x3 =42

None of these properties of integers turn out to be very interesting. But what happens when we divide
an integer by another integer? Well, 18 + 3 = 6, which is an integer, but 12 + 8 = 1.5, which is not an
integer.

If an integer divides another integer and the result, or quotient, is an integer, you would say that the
first number 1is divisible by the second. So 18 is divisible by 3 because 18 + 3 equals an integer. On
the other hand, you would say that 12 is NOT divisible by 8, because 12 + 8 is not an integer.

Divisibility Rules

The Divisibility Rules are important shortcuts to determine whether an integer is divisible by 2, 3, 4,
5,6,8,9,and 10. You can always use your calculator to test divisibility, but these shortcuts will save
you time.

An integer is divisible by:

https://ieltstep.com



2 if the integer is even.

12 1s divisible by 2, but 13 is not. Integers that are divisible by 2 are called “even” and integers that
are not are called “odd.” You can tell whether a number is even by checking to see whether the units
(ones) digitis 0, 2, 4, 6, or 8. Thus, 1,234,567 is odd, because 7 is odd, whereas 2,345,678 is even,
because 8 1s even.

3 if the SUM of the integer's digits is divisible by 3.
72 1s divisible by 3 because the sum of its digits is 9, which is divisible by 3. By contrast, 83 is not
divisible by 3, because the sum of its digits is 11, which is not divisible by 3.

4 if the integer is divisible by 2 twice, or if the two-digit number at the end is divisible by 4.

28 1s divisible by 4 because you can divide it by 2 twice and get an integer result (28 + 2 = 14, and
14 =2 =7). For larger numbers, check only the last two digits. For example, 23,456 is divisible by 4
because 56 is divisible by 4, but 25,678 is not divisible by 4 because 78 is not divisible by 4.

5 if the integer ends in 0 or S.
75 and 80 are divisible by 5, but 77 and 83 are not.

6 if the integer is divisible by both 2 and 3.
48 1s divisible by 6 since it is divisible by 2 (it ends with an 8, which is even) AND by 3 (4 + 8 =12,
which is divisible by 3).

8 if the integer is divisible by 2 three times in succession, or if the three-digit number at the end
is divisible by 8.

32 is divisible by 8 since you can divide it by 2 three times and get an integer result (32 +2 =16, 16
+2 =28, and 8 + 2 =4). For larger numbers, check only the last 3 digits. For example, 23,456 is
divisible by 8 because 456 is divisible by 8, whereas 23,556 is not divisible by 8 because 556 is not
divisible by 8.

9 if the sum of the integer's digits is divisible by 9.
4,185 is divisible by 9 since the sum of its digits is 18, which is divisible by 9. By contrast, 3,459 is
not divisible by 9, because the sum of its digits is 21, which is not divisible by 9.

10 if the integer ends in 0.
670 1s divisible by 10, but 675 is not.

The GRE can also test these divisibility rules in reverse. For example, if you are told that a number
has a ones digit equal to 0, you can infer that that number is divisible by 10. Similarly, if you are told
that the sum of the digits of x is equal to 21, you can infer that x is divisible by 3 but NOT by 9.

Note also that there is no rule listed for divisibility by 7. The simplest way to check for divisibility
by 7, or by any other number not found in this list, is to use the calculator.

Check Your Skills
1. Is 123,456,789 divisible by 2? https://ieltstep.com



2. Is 732 divisible by 3?

3. Is 989 divisible by 9?

4. 1s 4,578 divisible by 4?

5. 1s 4,578 divisible by 67

6. Is 603,864 divisible by 8?

Answers can be found on page 53.

Factors

Continue to explore the question of divisibility by asking the question: What numbers is 6 divisible
by? Questions related to divisibility are only interested in positive integers, so you really only have
six possible numbers: 1, 2, 3, 4, 5, and 6. You can test to see which numbers 6 is divisible by:

Any number divided by 1 equals itself, so an integer divided by 1 will be ar

ori=o integer.

E : L; z :;: > Note that these form a pair.

E‘ = 4 = 1; > Theses are not integers, so 6 is NOT divisible by 4 or by 5.

é:;_: 1 Any number divided by itself equals 1, so an integer is always divisible by

1tself.

So 6 is divisible by 1, 2, 3, and 6. That means that 1, 2, 3, and 6 are factors of 6. There are a variety
of ways you might see this relationship expressed on the GRE:

2 is a factor of 6. 6 1s a multiple of 2.
2 is a divisor of 6. 6 is divisible by 2.
2 divides 6. 2 goes into 6.

Sometimes it will be necessary to find the factors of a number in order to answer a question. An easy
way to find all the factors of a small number is to use factor pairs. Factor pairs for any integer are the
pairs of factors that, when multiplied together, yield that integer.

Here's a step-by-step way to find all the factors of the number 60 using a factor pairs table:
1. Make a table with two columns labeled “Small” and “Large.”

2. Start with 1 in the small column and 60 in the large column. (The first set of factor pairs will
always be 1 and the number itself.)

hh‘pc'/lipltcfpp com
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Small Large
1 60
2 30
3 20
4 15
5 12
6 10

3. The next number after 1 is 2. If 2 is a factor of 60, then write “2” underneath the “1” in your
table. It is, so divide 60 by 2 to find the factor pair: 60 + 2 =30. Write “30” in the large
column.

4. The next number after 2 is 3. Repeat this process until the numbers in the small and the large
columns run into each other. In this case, 6 and 10 are a factor pair. But 7, 8, and 9 are not
factors of 60, and the next number after 9 is 10, which appears in the large column, so you can
stop.

The advantage of using this method, as opposed to thinking of factors and listing them out, is that this
is an organized, methodical approach that makes it easier to find every factor of a number quickly.
Let's practice. (This is also a good opportunity to practice your long division.)

Check Your Skills

7. Find all the factors of 90.

8. Find all the factors of 72.

9. Find all the factors of 105.
10. Find all the factors of 120.

Answers can be found on pages 53—54.

Prime Numbers

Let's backtrack a little bit and try finding the factors of another small number: 7. The only
possibilities are the positive integers less than or equal to 7, so let's check every possibility.

Every number is divisible by 1—no surprise there!

33... The number 7 1s not divisible by any integer besides 1 and 1t
75

N g 99
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7+=6=1.16...

7+7=1 Every number 1s divisible by itself—boring!

So 7 only has two factors—1 and itself. Numbers that only have two factors are known as prime
numbers. As you will see, prime numbers play a very important role in answering questions about
divisibility. Because they're so important, it's critical that you learn to identify what numbers are
prime and what numbers aren't.

The prime numbers that appear most frequently on the test are prime numbers less than 20. They are 2,
3,5,7,11,13, 17, and 19. Two things to note about this list: 1 is not prime, and out of a// the prime
numbers, 2 is the only even prime number.

The number 2 1s prime because it has only two factors—1 and itself. The reason that it's the only even
prime number is that every other even number is also divisible by 2, and thus has another factor
besides 1 and itself. For instance, you can immediately tell that 12,408 isn't prime, because we know
that it has at least one factor besides 1 and itself: 2.

So every positive integer can be placed into one of two categories—prime or not prime:

Primes Non-Primes
2,3,5,7, 11, etc. 4,6, 8,9, 10, etc.
exactly two factors: 1 and itself more than two factors
ex.7=1x7 ex.6=1x6
/ and 6 =2 %3
only one factor pair more than two factors and

more than one factor pair

Check Your Skills

11. List all the prime numbers between 20 and 50.

The answer can be found on page 54.

Prime Factorization

Take another look at 60. When you found the" fRE 0P 518" 60, you saw that it had 12 factors and 6



factor pairs.

60=1 x60 Always the first factor pair—boring!
and 2 % 30 II
and 3 % 20
: 3 . ] . .
and 4 x 15 Ther.e are 5 other factor pairs—interesting! Look at these in a little more
| detail.
and 5 % 12
and 6 x 10

|

From here on, pairs will be referred to as boring and interesting factor pairs. These are not technical
terms, but the boring factor pair is the factor pair that involves 1 and the number itself. All other pairs
are interesting pairs. Keep reading to see why!

Examine one of these factor pairs—4 x 15. One way to think about this pair is that 60 breaks down
into 4 and 15. One way to express this relationship visually is to use a factor tree:

60
7\

4 [E:

Now, the question arises—can you go further? Sure! Neither 4 nor 15 is prime, which means they
both have factor pairs that you might find interesting. For example, 4 breaks down into 2 x 2, and 15
breaks down into 3 x 5:

60
- 1 _‘3\
2 2 & 3
Can you break it down any further? Not with interesting factor pairs. You could say that2 =2 x 1, for
instance, but that doesn't provide you any new information. The reason you can't go any further is that
2,2, 3, and 5 are all prime numbers. Prime numbers only have one boring factor pair. So when you
find a prime factor, you will know that that branch of your factor tree has reached its end. You can go

one step further and circle every prime number as you go, reminding you that you the branch can't
break down any further. The factor tree for 60 would look like this:
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60
/

Fy

4 15

\
So after breaking down 60 into 4 and 15, and breaking 4 and 15 down, you end up with 60 equals 2 x
2x3 x5,

What if you start with a different factor pair of 60? Create a factor tree for 60 in which the first
breakdown you make is 6 x 10:

60
/7 \
6

N A
D006

According to this factor tree 60 equals 2 x 3 x 2 x 5. Notice that, even though they're in a different
order, this is the same group of prime numbers as before. In fact, any way you break down 60, you
will end up with the same prime factors: two 2’s, one 3, and one 5. Another way to say this is that 2 %
2 x 3 x 5 is the prime factorization of 60.

One way to think about prime factors is that they are the DNA of a number. Every number has a unique
prime factorization. The only number that can be written as 2 x 2 x 3 x 5 is 60. Breaking down
numbers into their prime factors is the key to answering many divisibility problems.

As you proceed through the chapter, pay special attention to what prime factors can tell you about a
number and some different types of questions the GRE may ask. But because the prime factorization
of a number is so important, first you need a fast, reliable way to find the prime factorization of any
number.

A factor tree is the best way to find the prime factorization of a number. A number like 60 should be
relatively straightforward to break down into primes, but what if you need the prime factorization of
630?

For large numbers, it's often best to start with the smallest prime factors and work your way toward
larger primes. This is why it's good to know your divisibility rules!

Take a second to try on your own, then continue through the explanation.

Start by finding the smallest prime number that 630 is divisible by. The smallest prime number is 2.

Because 630 is even, it must be divisible by 2: 630 + 2 =315, So your first breakdown of 630 is into
2 and 315: https://ieltstep.com



630

/" \

315

Now you still need to factor 315. It's not even, so it's not divisible by 2. Is it divisible by 3? If the
digits of 315 add up to a multiple of 3, it is. Because 3 + 1 + 5 =9, which is a multiple of 3, then 315
is divisible by 3: 315 + 3 = 105. Your factor tree now looks like this:

630

/ N\

315

If 315 was not divisible by 2, then 105 won't be either (the reason for this will be discussed later),
but 105 might still be divisible by 3. Because 1 + 0 + 5 = 6, then 105 is divisible by 3: 105 + 3 = 35.
Your tree now looks like this:

Since 35 1s not divisible by 3 (3 + 5 =8, which is not a multiple of 3), the next number to try is 5.
Because 35 ends ina 5, it is divisible by 5: 35 + 5 =7. Your tree now looks like this:

630
/" \

315
/\
® 10

@f |
\
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Every number on the tree has now been broken down as far as it can go. So the prime factorization of
6301s2x3 x3 x5x%x7,

Alternatively, you could have split 630 into 63 and 10, since it's easy to see that 630 is divisible by
10. Then you would proceed from there. Either way will get you to the same set of prime factors.

Now it's time to get a little practice doing prime factorizations.

Check Your Skills

12. Find the prime factorization of 90.
13. Find the prime factorization of 72.
14. Find the prime factorization of 105.
15. Find the prime factorization of 120.

Answers can be found on pages 54-535.

The Factor Foundation Rule

This discussion begins with the factor foundation rule. The factor foundation rule states that if a is
divisible by b, and b is divisible by ¢, then a is divisible by ¢ as well. In other words, if you know
that 12 is divisible by 6, and 6 is divisible by 3, then 12 is divisible by 3 as well.

This rule also works in reverse to a certain extent. If d is divisible by two different primes, e and f, d
is also divisible by e X f. In other words, 1f 20 is divisible by 2 and by 5, then 20 is also divisible by
2 x5, whichis 10.

Another way to think of this rule is that divisibility travels up and down the factor tree. Let's walk
through the factor tree of 150. Break it down, and then build it back up.

150

/ \

/\ /\
OXOIONO,

Because 150 1s divisible by 10 and by 15, then 150 is also divisible by everything that 10 and 15 are
divisible by. Because 10 is divisible by 2 and by 5, then 150 is also divisible by 2 and 5. Because 15
is divisible by 3 and by 5, then 150 1s also divisible by 3 and 5. Taken all together, the prime
factorization of 150 is 2 x 3 x 5 x 5. You could represent that information like this:

https://ieltstep.com



150

21 AN
QOO

Think of prime factors as building blocks. In the case of 150, you have one 2, one 3, and two 5’s at
your disposal to build other factors of 150. In the first example, you went down the tree—from 150
down to 10 and 15, and then down again to 2, 5, 3, and 5. But you can also build upwards, starting
with the four building blocks. For instance, 2 X 3 =6, and 5 x 5 =25, so your tree could also look
like this:

150

£ N

6 25
/\ /\
OXOIOXO

(Even though 5 and 5 are not different primes, 5 appears twice on 150’s tree. So you are allowed to
multiply those two 5’s together to produce another factor of 150, namely 25.)

The tree above isn't even the only other possibility. These are all trees that you could build using
different combinations of the prime factors.

150 150 150

\ \ \

75 R 50 R 30
/I\ /IN /1N
P00 0000 0000

You began with four prime factors of 150: 2, 3, 5 and 5. But you were able to build different factors
by multiplying 2, 3, or even all 4 of those primes together in different combinations. As it turns out,
all of the factors of a number (except for the number 1) can be built with different combinations of its
prime factors.

The Factor/Prime Factorization Connection

Take one more look at the number 60 and its factors. Specifically, look at the prime factorizations of
all the factors of 60:
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Small | Large
1 1 60 2T wMFInG
2 2 30 2% I %3
3 3 20 2w D
Rl 2 15 dxs
p) 5 12 2%2X%3
2x3 6 10 %5

All the factors of 60 are just different combinations of the prime numbers that make up the prime
factorization of 60. To say this another way, every factor of a number can be expressed as the product
of'a combination of its prime factors. Take a look back at your work for Check Your Skills questions
#7—-10 and #12—15. Break down all the factor pairs from the first section into their prime factors. This
relationship between factors and prime factors is true of every number.

Now that you know why prime factors are so important, it's time for the next step. An important skill
on the GRE is to take the given information in a question and go further with it. For example, if a
question tells you that a number 7 is even, what else do you know about it? Every even number is a
multiple of 2, so n 1s a multiple of 2. These kinds of inferences often provide crucial information
necessary to correctly solving problems.

So far, you've been finding factors and prime factors of numbers—but the GRE will sometimes ask
divisibility questions about variables. In the next section, the discussion of divisibility will bring
variables into the picture. But first, recap what you've learned so far and what tools you'll need going
forward:

e Ifais divisible by b, and b is divisible by ¢, then a is divisible by c as well (e.g., 100 is
divisible by 20, and 20 is divisible by 4, so 100 is divisible by 4 as well).

e Ifd has e and f as prime factors, d is also divisible by e x f'(e.g., 90 is divisible by 5 and by 3,
s0 90 is also divisible by 5 x 3 = 15). You can let e and f be the same prime, as long as there are

at least two copies of that prime in d’s factor tree. (e.g., 98 has two 7’s in its factors, and so 1s
divisible by 49).

e Every factor of a number (except the number 1) is either prime or the product of a different
combination of that number's prime factors. For example, 30 =2 x 3 x 5. Its factors are 1, 2, 3,
5,6(2%3),10(2x5),15(3%x5),and 30 (2 x 3 x5).

e To find al/l the factors of a number in an easy, methodical way, set up a factor pairs table.

e To find al/l the prime factors of a number, use a factor tree. With larger numbers, start with the
smallest primes and work your way up to larger primes.

Check Your Skills https://ieltstep.com



16. The prime factorization of a number is 3 x 5. What is the number and what are all of its factors?

17. The prime factorization of a number is 2 x 5 X 7. What is the number and what are all of its
factors?

18. The prime factorization of a number 1s 2 x 3 x 13. What is the number and what are all of its
factors?

Answers can be found on pages 55-56.

Unknown Numbers and Divisibility

Say that you are told some unknown positive number x is divisible by 6. How can you represent this
on paper? There are many ways, depending on the problem. You could say that you know that x is a
multiple of 6, or you could say that x = 6 x an integer. You could also represent the information with a
factor tree. Careful though—although you've had a lot of practice drawing factor trees, there is one
important difference now that you're dealing with an unknown number. You know that x 1s divisible by
6, but x may be divisible by other numbers as well. You have to treat what they have told you as
incomplete information, and remind yourselves there are other things about x you don't know. To
represent that on the page, your factor tree could look like this:

/\
6 ¢

Now the question becomes—what else do you know about x? If a question on the GRE told you that x
is divisible by 6, what could you definitely say about x? Take a look at these three statements, and for
each statement, decide whether 1t must be true, whether it could be true, or whether it cannot be true.

I. xisdivisible by 3
II. xiseven
III. x is divisible by 12
Deal with each statement one at a time, beginning with Statement I—x is divisible by 3. One approach

to take here is to think about the multiples of 6. If x 1s divisible by 6, then you know that x is a
multiple of 6. List out the first several multiples of 6, and see if they're divisible by 3.

[ G 6=3=2
12 12+3=4
x is a number 3 N—— | All of these numbers are
on this list. ToTR also divisible by 3.
24 24+3=8

\

At this point, you can be fairly certain that x THIVAEIBIEBy 3. In fact, listing out possible values of a



variable is often a great way to begin answering a question in which you don't know the value of the
number you are asked about.

But can you do better than say you're fairly certain x is divisible by 3? Is there a way to definitively
say x must be divisible by 3? As it turns out, there is. Look at the factor tree for x again:

e X
/N —>» [\
6 ¢ G 2

Remember, the ultimate purpose of the factor tree is to break numbers down into their fundamental
building blocks: prime numbers. Now that the factor tree is broken down as far as it will go, you can

apply the factor foundation rule. Thus, x 1s divisible by 6, and 6 is divisible by 3, so you can say
definitively that x must be divisible by 3.

In fact, questions like this one are the reason so much time was spent discussing the factor foundation
rule and the connection between prime factors and divisibility. Prime factors provide the foundation
for a way to make definite statements about divisibility. With that in mind, look at Statement II.

Statement II says x is even. This question is about divisibility, so the question becomes, what is the
connection between divisibility and a number being even? Remember, an important part of this test is
the ability to make inferences based on the given information.

What's the connection? Well, being even means being divisible by 2. So if you know that x is
divisible by 2, then you can guarantee that x is even. Look at the factor tree:

£
6 ¢

You can once again make use of the factor foundation rule—o6 1s divisible by 2, so x must be divisible

by 2 as well. And if x 1s divisible by 2, then x must be even as well.

That just leaves the final statement. Statement III says x is divisible by 12. Look at this question from
the perspective of factor trees, and compare the factor tree of x with the factor tree of 12:
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What would you have to know about x to guarantee that it is divisible by 12? Well, when 12 is broken
down all the way, 12 is 2 x 2 x 3. Thus, 12’s building blocks are two 2’s and a 3. For x to be
divisible by 12, it would have to also have two 2’s and one 3 among its prime factors. In other words,
for x to be divisible by 12, it has to be divisible by everything that 12 is divisible by.

You need x to be divisible by two 2’s and one 3 in order to say it must be divisible by 12. But
looking at your factor tree, there is only one 2 and only one 3. Because there is only one 2, you can't
say that x must be divisible by 12. But then the question becomes, could x be divisible by 12? Think
about the question for a second, and then keep reading.

The key to this question is the question mark that you put on x’s factor tree. That question mark should
remind you that you don't know everything about x. Thus, x could have other prime factors. What if
one of those unknown factors was another 2? Then the tree would look like this:

6/'\
AN
Q0 @ :

So if one of those unknown factors were a 2, then x would be divisible by 12. The key here is that you
have no way of knowing for sure whether there is a 2. Thus, x may be divisible by 12, it may not. In
other words, x could be divisible by 12.

To confirm this, go back to the multiples of 6. You still know that x must be a multiple of 6, so start by
listing out the first several multiples and see whether they are divisible by 12.

[ 6 6+-12=05 \
12 12 12:=1 _
x is 2 number Some, but not all, of these
. { 18 18+-12=15 }
on this list. numbers are also divisible
24 24 +12=2 by 12.
‘ [N L] J

Once again, some of the possible values of x are divisible by 12, and some aren't. The best you can
say is that x could be divisible by 12.

Check Your Skills https://ieltstep.com



For these statements, the following is true: x is divisible by 24. For each statement, say whether it
must be true, could be true, or cannot be true.

19. x is divisible by 6

20. x 1s divisible by 9

21. x is divisible by 8

Answers can be found on pages 56-57.

Consider the following question, which has an additional twist this time. Once again, there will be
three statements. Decide whether each statement must be true, could be true, or cannot be true.
Answer this question on your own, then explore each statement one at a time on the next page.

x is divisible by 3 and by 10.

[. xis divisible by 2
II. 1is divisible by 15
III. x is divisible by 45
Before diving into the statements, spend a moment to organize the information the question has given

you. You know that x is divisible by 3 and by 10, so you can create two factor trees to represent this
information:

/\ PAY
@ > 10 2

Now that you have your trees, get started with statement I. Statement I says that x is divisible by 2.
The way to determine whether this statement is true should be fairly familiar by now—use the factor
foundation rule. First of all, your factor trees aren't quite finished. Factor trees should always be

broken down all the way until every branch ends in a prime number. Really, your factor trees should
look like this:

i e
@ > 10 ?
Now you are ready to decide whether statement I is true. Because x is divisible by 10, and 10 is
divisible by 2, therefore x 1s divisible by 2. Statement I must be true.

That brings you to statement II. This statement is a little more difficult. It also requires you to take
another look at your factor trees. You have tWB¢ép5fat°ftees, but they're giving you information



about the same variable—x. Neither tree gives you complete information about x, but you do know a
couple of things with absolute certainty. From the first tree, you know that x is divisible by 3, and
from the second tree you know that x is divisible by 10—which really means you know that x is
divisible by 2 and by 5. You can actually combine those two pieces of information and represent them
on one factor tree, which would look like this:

PZANN
®0O 0 :

Now you know three prime factors of x: 2, 3, and 5. Return to the statement. Statement II says that x is
divisible by 15. What do you need to know to say that x must be divisible by 15? If you can guarantee
that x has all the prime factors that 15 has, then you can guarantee that x is divisible by 15.

The number 15 breaks down into the prime factors 3 and 5. So to guarantee that x is divisible by 15,
you need to know it's divisible by 3 and by 5. Looking back up at your factor tree, notice that x has
both a 3 and a 5, which means that x is divisible by 15. Therefore, statement Il mus¢ be true.

You can also look at this question more visually. Remember, prime factors are like building blocks
—x 1s divisible by any combination of these prime factors. You can combine the prime factors in a
number of different ways, as shown here:

/\ /\ /\

/\ /\ /\

/\® /\® /\®

66 00606 00

Each of these factor trees can tell you different factors of x. But what's really important is what they
have in common. No matter what way you combine the prime factors, each tree ultimately leads to 2 %
3 x5, which equals 30. So you know that x is divisible by 30. And if x is divisible by 30, it is also
divisible by everything 30 1s divisible by. You know how to identify every number 30 1s divisible by
—use a factor pair table. The factor pair table of 30 looks like this:

Small Large
1 30
2 15
3 10
5 6
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Again, Statement II says that x is divisible by 15. Because x is divisible by 30, and 30 is divisible by
15, then x must be divisible by 15.

That brings you to Statement III. Statement III says that x 1s divisible by 45. What do you need to
know to say that x must be divisible by 45? Build a factor tree of 45, which looks like this:

A
/\
® G

The number 45 is divisible by 3, 3, and 5. For x to be divisible by 45, you need to know that it has all
the same prime factors. Does it?

The factorization of 45 has one 5 and two 3’s. Although x has a 5, you only know that x has one 3.
That means that you can't say for sure that x is divisible by 45. However, x could be divisible by 45,
because you don't know what the question mark contains. If it contains a 3, then x is divisible by 45. If
it doesn't contain a 3, then x is not divisible by 45. Without more information, you can't say for sure
either way. So statement III could be true.

Now it's time to recap what's been covered in this chapter. When dealing with questions about
divisibility, you need a quick, accurate way to identify al/ the factors of a number. A factor pair table
provides a reliable way to make sure you find every factor of a number.

Prime factors provide essential information about a number or variable. They are the fundamental
building blocks of every number. In order for a number or variable to be divisible by another number,
it must contain all the same prime factors that the other number contains. In the last example, you
could definitely say that x was divisible by 15, because x contained one 3 and one 5. But you could
not say that it was divisible by 45, because 45 has one 5 and two 3’s, but x only had one 5 and one 3.

Check Your Skills

For these statements, the following is true: x is divisible by 28 and by 15. For each statement, say
whether it must be true, could be true, or cannot be true.
https://ieltstep.com



22. x is divisible by 14.
23. x is divisible by 20.
24. x is divisible by 24.

Answers can be found on pages 58.

Fewer Factors, More Multiples

Sometimes it is easy to confuse factors and multiples. The mnemonic “Fewer Factors, More
Multiples” should help you remember the difference. Factors divide into an integer and are therefore
less than or equal to that integer. Positive multiples, on the other hand, multiply out from an integer
and are therefore greater than or equal to that integer.

Any integer only has a limited number of factors. For example, there are only four factors of 8: 1, 2,
4, and 8. By contrast, there is an infinite number of multiples of an integer. For example, the first five
positive multiples of 8 are 8, 16, 24, 32, and 40, but you could go on listing multiples of 8 forever.

Factors, multiples, and divisibility are very closely related concepts. For example, 3 is a factor of 12.
This is the same as saying that 12 is a multiple of 3, or that 12 is divisible by 3.

On the GRE, this terminology is often used interchangeably in order to make the problem seem harder
than it actually is. Be aware of the different ways that the GRE can phrase information about
divisibility. Moreover, try to convert all such statements to the same terminology. For example, all of
the following statements say exactly the same thing:

* 12 1s divisible by 3 * 3 1s adivisor of 12, or 3 is a factor of 12
* 12 is a multiple of 3 * 3 divides 12
- 5
A is an integer I yields a remainder of 0
3 3
* 12 =3n, where n is an integer * 3 “goes into” 12 evenly

* 12 items can be shared among 3 people so that
each person has the same number of items.

Another term that the GRE sometimes uses is “unique prime factor.” The distinction between a prime
factor and a unique prime factor is best illustrated by an example. If you prime factor 12, you end up

with two 2’s and one 3, but 12 only has two unique prime factors, 2 and 3, because the two 2’s are the
same number. So 100 has 2 unique prime factors (2 and 5) just as 10 does.

Divisibility and Addition/Subtraction

If you add two multiples of 7, you get anothempaulitipie efn/. Try it: 35 + 21 = 56. This should make




sense: (5x7)+(3x7)=(5+3)xT7=8x7.

Likewise, if you subtract two multiples of 7, you get another multiple of 7. Try it: 35 — 21 = 14.
Again, it's clear why: (5 X 7)—(3x7)=(5§—-3)x7=2x7.

This pattern holds true for the multiples of any integer N. If you add or subtract multiples of /V, the
result is a multiple of V. You can restate this principle using any of the disguises above: for instance,
if N is a divisor of x and of y, then N 1s a divisor of x + y.

Remainders

The number 17 is not divisible by 5. When you divide 17 by 5, using long division, you get a
remainder: a number left over. In this case, the remainder is 2, as shown here:

3

5) 17
J—IS
-2

You can also write that 17 is 2 more than 15, or 2 more than a multiple of 5. In other words, you can
write 17 =15+ 2 =3 x5+ 2. Every number that leaves a remainder of 2 after it is divided by 5 can
be written this way: as a multiple of 5, plus 2.

On simpler remainder problems, it is often easiest to pick numbers. Simply add the desired remainder
to a multiple of the divisor. For instance, if you need a number that leaves a remainder of 4 after
division by 7, first pick a multiple of 7, such as 14. Then add 4 to get 18, which satisfies the
requirement (18 =7 x 2 +4).

A remainder is defined as the integer portion of the dividend (or numerator) that is not evenly
divisible by the divisor (or denominator). Here is an example written in fractional notation:

Dividend ———» 2 L A We— Remainder

Divisor =——» 4 T 4

Quotient
The quotient is the resulting integer portion that can be divided out (in this case, the quotient is 5).
Note that the dividend, divisor, quotient, and remainder will always be integers. Sometimes, the

quotient may be zero! For instance, when 3 is divided by 5, the remainder is 3 but the quotient is 0
(because 0 is the biggest multiple of 5 that can be divided out of 3).

Algebraically, this relationship can be written as the Remainder Formula:
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Dividend =——» x 0+ iﬂ— Remainder

Divisor =——/\ T

Quotient

This framework is often easiest to use on GRE problems when you multiply through by the divisor N:

Dividend —— x=Q - N + R «—— Remainder

Quotient T T Divisor

(Example: 23 =5 x 4 + 3)

Again, remember that x, O, N, and R must a/l be integers. It should also be noted that R must be equal
to or greater than 0, but less than N (the divisor). This is discussed below.

Range of Possible Remainders

When you divide an integer by 7, the remainder could be 0, 1, 2, 3, 4, 5, or 6. Notice that you cannot
have a negative remainder or a remainder larger than 7, and that you have exactly 7 possible
remainders. You can see these remainders repeating themselves on the Remainder Ruler:

¢
I
I

-

-

——

0

|1234 I
| | 1] |
|IIII |

This pattern can be generalized. When you divide an integer by a positive integer N, the possible
remainders range from 0 to (N — 1). There are thus N possible remainders. Negative remainders are
not possible, nor are remainders equal to or larger than V.

If a + b yields a remainder of 3, ¢ + d yields a remainder of 4, and a, b, ¢, and d are all
integers, what 1s the smallest possible value for b + d?

Since the remainder must be smaller than the divisor, 3 must be smaller than b. Since b must be an
integer, then b 1s at least 4. Similarly, 4 must be smaller than d, and d must be an integer, so d must be
at least 5. Therefore, the smallest possible value for b +dis4 +5=09.

Remainder of 0

If x divided by y yields a remainder of 0 (commonly referred to as “no remainder”), then x is
divisible by y. Conversely, if x is divisible by y, then x divided by y yields a remainder of O (or “no
remainder”).
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versa.
Arithmetic with Remainders
Two useful tips for arithmetic with remainders, if you have the same divisor throughout:

1. You can add and subtract remainders directly, as long as you correct excess or negative
remainders. “Excess remainders” are remainders larger than or equal to the divisor. To correct
excess or negative remainders, just add or subtract the divisor. For instance, if x leaves a
remainder of 4 after division by 7, and y leaves a remainder of 2 after division by 7, thenx + y
leaves a remainder of 4 + 2 = 6 after division by 7. You do not need to pick numbers or write
algebraic expressions for x and y. Simply write R4 + R2 = R6.

2. Ifx leaves a remainder of 4 after division by 7 and z leaves a remainder of 5 after division by
7, then adding the remainders together yields 9. This number is too high, however. The
remainder must be non-negative and less than 7. You can take an additional 7 out of the
remainder, because 7 is the excess portion. The correct remainder is thus R4 + R5 =R9 = R2
(subtracting a 7 out).

3. With the same x and z, subtraction of the remainders gives —1, which is also an unacceptable
remainder (it must be non-negative). In this case, add an extra 7 to see that x — z leaves a
remainder of 6 after division by 7. Using R's, you can write R4 — R5 =R(—1) = R6 (adding a 7
in).

4. You can multiply remainders, as long as you correct excess remainders at the end.

5. Again, if x has a remainder of 4 upon division by 7 and z has a remainder of 5 upon division by
7, then 4 x 5 gives 20. Two additional 7’s can be taken out of this remainder, so x x z will have
remainder 6 upon division by 7. In other words, (R4)(R5) = R20 = R6 (taking out two 7’s). You
can prove this by again picking x =25 and z = 12 (try the algebraic method on your own!):

25 % 12=300=42 x7 + 6 % Remainder

Quotient T Divisor

Check Your Skills

25. What 1s the remainder when 13 is divided by 6?
26. What's the first double-digit number that results in a remainder of 4 when divided by 5?

27. If x has a remainder of 4 when divided by 9 and y has a remainder of 3 when divided by 9, what's
the remainder when x + y is divided by 9?

28. Using the example from #27, what's the remainder when xy is divided by 9?
Answers can be found on pages 58—59.
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Check Your Skills Answer Key

1. No: Is 123,456,789 divisible by 2?

123,456,789 is an odd number, because it ends in 9, so 123,456,789 is not divisible by 2.
2. Yes: Is 732 divisible by 3?

The digits of 732 add up to a multiple of 3 (7 +3 +2 =12), so 732 is divisible by 3.
3. No: Is 989 divisible by 9?

The digits of 989 do not add up to a multiple of 9 (9 + 8 +9 =26), so 989 is not divisible by
9.

4. No: Every whole hundred is divisible by 4, so you only need to check the amount “left over.” Since
78 1s not divisible by 4, then 4,578 is not divisible by 4.

5. Yes: Any number divisible by both 2 and 3 is divisible by 6. So 4,578 must be divisible by 2,

because it ends in an even number. It also must be divisible by 3, because the sum of its digits is a
multiple of 3 (4 +5 + 7 + 8 =24). Therefore, 4,578 is divisible by 6.

6. Yes: Easiest to use your calculator for this one: 603,864 + 8 = 75,483 with no remainder.

Alternatively, evaluate the three-digit number at the end; every whole thousand is divisible by 8, so
you only need to check the amount “left over.” 864 is divisible by 8 because 864 = 800 + 64 and both
800 and 64 are multiples of 8.

7. Find all the factors of 90.

Small Large
1 90
45
30
18
15
10

O | N | W] N

8. Find all the factors of 72.
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Small Large
1 72
2 36
3 24
4 18
6 12
8 9
9. Find all the factors of 105.
Small Large
1 105
3 35
5 21
7 15
10. Find all the factors of 120.
Small Large
1 120
2 60
3 40
4 30
5 24
6 20
8 15
10 12

11. List all the prime numbers between 20 and 50.
23,29, 31, 37,41, 43, and 47

12. Find the prime factorization of 90.
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13. Find the prime factorization of 72.

14. Find the prime factorization of 105.

15. Find the prime factorization of 120.

https://ieltstep.com



16. The prime factorization of a number 1s 3 x 5. What is the number and what are all its factors?

3x5=15
Small Large
1 15
3 5

17. The prime factorization of a number is 2 x 5 x 7. What 1s the number and what are all its factors?

2x5xT7=70
Small Large
1 1 70 2x anl
2 2 31 5 7
5 5 14 Zoed
7 7 10 2e5

18. The prime factorization of a number is 2 x 3 x 13. What is the number and what are all its
factors?

2x3x13="78
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Small Large
1 1 78
2 2 39
3 3 26
23 6 13

For questions 19-21, x is divisible by 24.

19. Must Be True: x is divisible by 6
6 X
/\ 7 N
@ @ ? 4
@
@

2

/ N\
12
/ N\

OR

G
/\

@06

2x 313
Ix13
2x13
13

7%
? 24
/

6 -

/\ | /\
©J0)/|0)©

For x to be divisible by 6, you need to know that it contains the same prime factors as 6, which
contains a 2 and a 3. Since x also contains a 2 and a 3, x must therefore be divisible by 6.

20. Could Be True: x is divisible by 9
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For x to be divisible by 9, you need to know that it contains the same prime factors as 9, which
contains two 3’s. However, x only contains one 3 that you know of. But the question mark means
x may have other prime factors, and may contain another 3. For this reason, x could be divisible
by 9.

21. Must Be True: x is divisible by 8
X
/ \
? 8
/\
Q 4
§
@O

For x to be divisible by 8, you need to know that it contains the same prime factors as 8, which
contains three 2’s. Since x also contains three 2’s, x must therefore be divisible by 8.

For questions 2224, x is divisible by 28 and by 15.
X x
/\ 7 N x
? 28 AND ¢ 15 —» ///\\\

/\ /\ ;

4N 4y 00060
/\

®Q
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22. Must Be True: x is divisible by 14.

14
£\ £ X
@ 2 28

/\
©

For x to be divisible by 14, you need to know that it contains the same prime factors as 14,

which contains a 2 and a 7. Because x also contains a 2 and a 7, x must therefore be divisible by
14.

23. Must Be True: x is divisible by 20.

20 .
/\ TR

@ 10 e
N\ 00006

ONO)

For x to be divisible by 20, you need to know that it contains the same prime factors as 20,
which contains two 2’s and one 5. Since x also contains two 2’s and a 5, x must therefore be
divisible by 20.

24. Could Be True: x is divisible by 24.

®/ \ ///x\\\
/ \ 101006 @

@
@@

For x to be divisible by 24, you need to know that it contains the same prime factors as 24,

which contains three 2’s and one 3. HOVYF;’% Ixstgog})tr%ms one 3, but only two 2’s that you know

of. But the question mark means x may ave other prime factors, and may contain another 2. For




this reason, x could be divisible by 24.

25. 1: The number 6 goes into 13 two full times, which means the quotient is 2. Therefore, 2 %X 6 =12,
and 12 + 1 = 13. The remainder is 1.

26. 14: For a number to result in a remainder of 4 when divided by 35, it has to be equal to a multiple
of 5, plus 4. The first of these is 4 (5 X 0 +4 =4), the second i1s 9 (5 x 1 +4 =9), and the third is 14
(5 X2 +4). Thus, 14 is the first double-digit number that produces the required remainder.

27. 7: Using the Remainder Formula:

£=Q+i—}l':9(2+4
9 9 '
y ., 3 e
==Q+——> y=9Q'+3
g g

Therefore, x +y =9 (Q + Q') + 7 and the remainder is 7.
28. 3: Again using the Remainder Formula:

ﬁ
9
Y @435 y=9Q+3
9 T 9 '

=Q+%%~x=9Q+4

Therefore, xy = (90 + 4)(90' +3) = 8100' + 270 + 360" + 12.

Since each of the terms except 12 is divisible by 9, and a 9 can be removed from 12, the correct
answer is 12 —9 =3.
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Problem Set

For problems #1-10, use prime factorization, if appropriate, to answer each question: Yes, No, or
Cannot Be Determined. If your answer is Cannot Be Determined, use two numerical examples to
show how the problem could go either way. All variables in problems 1-12 are assumed to be
positive integers unless otherwise indicated.

1. If a is divided by 7 or by 18, an integer results. Is f—z an integer?

2. 1f 80 1s a factor of r, 1s 15 a factor of ?

3.1f 7 is a factor of n and 7 is a factor of p, is n + p divisible by 7?

4. If 8 1s not a factor of g, is 8 a factor of 2g?

5. Ifj is divisible by 12 and 10, is j divisible by 24?

6. If 12 1s a factor of xyz, 1s 12 a factor of xy?

7.1f 6 1s a divisor of  and 7 1s a factor of s, 1s 6 a factor of s?

8. If 24 1s a factor of # and 28 is a factor of k, must 21 be a factor of 41k?
9. If 6 is not a factor of d, is 12d divisible by 6?

10. If 60 1s a factor of u, 1s 18 a factor of u?

11.
Quantity A Quantity B
The number of distinct prime The number of distinct prime
factors of 40 factors of 50
12.
Quantity A Quantity B
The product of 12 and an even The sum of the greatest four
prime number factors of 12
13.
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x=20,y=32,andz=12

Quantity A Quantity B
The remainder when x is divided The remainder when y 1s divide
by:z by z

14. If a and b are positive integers such that the remainder is 4 when a is divided by b, what is the
smallest possible value of a + 5?

X Z XZ
15. If — has a remainder of 0 and — has a remainder of 3, what is the remainder of —?

y y y
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Solutions

1. Yes: If a 1s divisible by 7 and by 18, its prime factors include 2, 3, 3, and 7, as indicated by the
factor tree to the right. Therefore, any integer that can be constructed as a product of any of these
prime factors is also a factor of a. Thus, 42 =2 x 3 x 7. Therefore, 42 is also a factor of a.

/\\
18
/\
Q 9
/\
® G

2. Cannot Be Determined: If » is divisible by 80, its prime factors include 2, 2, 2, 2, and 5, as
indicated by the factor tree to the right. Therefore, any integer that can be constructed as a product of
any of these prime factors is also a factor of 7. Thus, 15 =3 x 5. Since the prime factor 3 is not in the
factor tree, you cannot determine whether 15 is a factor of 7. As numerical examples, you could take
= 80, in which case 15 is not a factor of », or » = 240, in which case 15 is a factor of 7.
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3. Yes: If two numbers are both multiples of the same number, then their sum is also a multiple of that
same number. Since #n and p share the common factor 7, the sum of » and p must also be divisible by
7.

2

4. Cannot Be Determined: In order for 8§ to be a factor of 2g, you would need two more 2’s in the
factor tree. By the Factor Foundation Rule, g would need to be divisible by 4. You know that g is not
divisible by &, but there are certainly integers that are divisible by 4 and not by 8, such as 4, 12, 20,
28, etc. However, while you cannot conclud@i4{$18P40F divisible by 4, you cannot be certain that g



is divisible by 4, either. As numerical examples, you could take g =5, in which case 8 is not a factor
of 2g, or g =4, in which case 8 is a factor of 2g.
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5. Cannot Be Determined: If; is divisible by 12 and by 10, its prime factors include 2, 2, 3, and 5,
as indicated by the factor tree to the right. There are only two 2’s that are definitely in the prime
factorization of j, because the 2 in the prime factorization of 10 may be redundant—that is, it may be
the same 2 as one of the 2’s in the prime factorization of 12.
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Thus, 24 =2 x 2 x 2 x 3, There are only two 2’s in the prime box of j; 24 requires three 2’s.
Therefore, 24 1s not necessarily a factor of ;.

As another way to prove that you cannot determine whether 24 is a factor of j, consider 60. The
number 60 is divisible by both 12 and 10. However, it is not divisible by 24. Therefore, j could equal
60, in which case it is not divisible by 24. Alternatively, j could equal 120, in which case it is
divisible by 24.

6. Cannot Be Determined: If xyz is divisible by 12, its prime factors include 2, 2, and 3, as
indicated by the factor tree to the right. Those prime factors could all be factors of x and y, in which
case 12 is a factor of xy. For example, this is the case when x =20, y =3, and z = 7. However, x and
y could be prime or otherwise not divisible by 2, 2, and 3, in which case xy is not divisible by 12.
For example, this is the case whenx =5, y =11, and z = 24.
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7. Yes: By the Factor Foundation Rule, if 6 iswgsfaetaspgabu and 7 is a factor of s, then 6 is a factor of s.



8. Yes: By the Factor Foundation Rule, all the factors of both # and k£ must be factors of the product,
hk. Therefore, the factors of 4k include 2, 2, 2, 2, 2, 3, and 7, as shown in the combined factor tree to
the right. Thus, 21 =3 % 7. Both 3 and 7 are in the tree. Therefore, 21 is a factor of Ak.
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9. Yes: The fact that d is not divisible by 6 is irrelevant in this case. Since 12 is divisible by 6, 12d is
also divisible by 6.
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10. Cannot Be Determined: If « is divisible by 60, its prime factors include 2, 2, 3, and 5, as
indicated by the factor tree to the right. Therefore, any integer that can be constructed as a product of
any of these prime factors is also a factor of u. Thus, 18 =2 x 3 x 3. Since there is only one 3 in the

factor tree, you cannot determine whether or not 18 is a factor of u. As numerical examples, you could
take u = 60, in which case 18 1s not a factor of u, or u = 180, in which case 18 is a factor of u.
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11. (C): The prime factorization of 40 is 2 X 2 x 2 x 5. So 40 has 2 distinct prime factors: 2 and 5.
The prime factorization of 50 is 5 x 5 x 2, so 50 also has two distinct prime factors: 2 and 5.
Therefore, the two quantities are equal.

12. (B): Simplify Quantity A first. There is only one even prime number: 2. Therefore, Quantity A is
12 x 2 =24,

Quantity A Quantity B
The product of 12 and an even The sum of the greatest four
prime number = factors of 12 =

12 x2=24 12+6+4+3=25

The four greatest factors of 12 are 12, 6, 4 and 3. Thus, 12 + 6 + 4 + 3 = 25. Therefore, Quantity B is
greater.

13. (C): When 20 is divided by 12, the result is a quotient of 1 and a remainder of 8§ (12 X 1 + 8 =
20).

When 32 is divided by 12, the result is a quotient of 2 and a remainder of 8 (12 x 2 + 8 = 32).

x=20,y=32,andz =12

Quantity A Quantity B
8 8

Therefore, the two quantities are equal.

14. 9: Since :r—; has a remainder of 4, b must be at least 5 (remember, the remainder must always be
7
smaller than the divisor). The smallest possible value for a is 4 (it could also be 9, 14, 19, etc.).

Thus, the smallest possible value for a + b is 9.

v
15. 0: Because — has a remainder of 0, x is divisible by y. Therefore, xz will be divisible by y, and
y

so will have a remainder of 0 when divided by y.
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In This Chapter ...

Arithmetic Rules of Odds & Evens

The Sum of Two Primes

lesting Odd & Even Cases
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Odds & Evens

Even numbers are integers that are divisible by 2. Odd numbers are integers that are not divisible by
2. All integers are either even or odd.

Evens: 0, 2, 4, 6, 8, 10, 12... Odds: 1,3,5,7,9,11...

Notice that zero is even, because 0/2 = integer.

.. _ 9,10, 11,12, 13...
Consecutive integers alternate between even and odd: O.E.O.EO...
Negative integers are also either even or odd:

Evens: -2, 4, —6, —8, —10, —12... Odds: -1, -3, -5, 7,9, —11...

Arithmetic Rules of Odds & Evens

The GRE tests your knowledge of how odd and even numbers combine through addition, subtraction,
multiplication, and division. Rules for adding, subtracting, multiplying, and dividing odd and even
numbers can be derived by simply picking numbers and testing them out. While this is certainly a
valid strategy, it also pays to memorize the following rules for operating with odds and evens, as they
are extremely useful for certain GRE math questions.

Addition and Subtraction

Add or subtract 2 odds or 2 evens, and the resultis EVEN: 7+ 11 =18 and 14 —6 =8

Add or subtract an odd with an even, and the resultis ODD: 7+ 8=15and 12 —5=7

Multiplication

When you multiply integers, if any of the integers are even, the result is even: 3 X 8 x 9 x 13 =2,808.
Likewise, if none of the integers are even, then the result is odd: 3 x 5 x 7 =105.

If you multiply together several even integers, the result will be divisible by higher and higher
powers of 2. This 1s because each even numheg: wiaklgomtribute at least one 2 to the factors of the



product.

For example, if there are two even integers in a set of integers being multiplied together, the result
will be divisible by 4: 2 x 5 x 6 = 60 (divisible by 4).

If there are THREE even integers in a set of integers being multiplied together, the result will be
divisible by 8: 2 x 5 x 6 x 10 = 600 (divisible by 8).

To summarize so far:

Odd = Even = 0Odd Odd x Odd = Odd
Odd = Odd = Even Even x Even = Even (and divisible by 4)
Even=+ Even = Even Odd x Even=Even

Division:

There are no guaranteed outcomes in division, because the division of two integers may not yield an
integer result. There are several potential outcomes, depending upon the value of the dividend and
divisor.

Divisibility of Odds & Evens

Even? Odd: Non-Integer?
. & ¥ P
ven =+ Even

Example: 12+2=06 Example: 12 +4=3 Example: 12+8=1.5

Even = (Odd \// P V/
Eml‘nple: 12=-3=4 Emmpl-:‘-: [2-5=2.4

Odd = Even b 4 X V/

Example: 9 = 6= 1.5

Odd = Odd X v v

Example: 15 +5=3 Example: 15 =25 =0.6

An odd number divided by any other integer cannot produce an even integer. Also, an odd number
divided by an even number cannot produce an integer, because the odd number will never be
divisible by the factor of 2 concealed within the even number.

Check Your Skills

For questions #1-3, say whether the expression will be odd or even.

1. 1,007,425 x 305,313 +2
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2.5xT778x3x4+1
3. The sum of four consecutive integers.

4. Will the product of two odd integers divided by a multiple of two be an integer?

Answers can be found on page 735.

The Sum of Two Primes

Notice that all prime numbers are odd, except the number 2. (All larger even numbers are divisible
by 2, so they cannot be prime.) Thus, the sum of any two primes will be even (“Add two odds...”),
unless one of those primes is the number 2. So, if you see a sum of two primes that is odd, one of
those primes must be the number 2. Conversely, if you know that 2 cannot be one of the primes in the
sum, then the sum of the two primes must be even.

If a and b are both prime numbers greater than 10, which of the following must be true?
Indicate all that apply.

A ab is an even number.
B]  The difference between a and b equals 117.
The sum of @ and b 1s even.

Since a and b are both prime numbers greater than 10, they must both be odd. Therefore, ab must be
an odd number, so choice (A) cannot be true. Similarly, if @ and b are both odd, then a — b cannot
equal 117 (an odd number). This difference must be even. Therefore, choice (B) cannot be true.
Finally, since a and b are both odd, a + b must be even, so choice (C) will always be true.

Check Your Skills

5. The difference between the factors of prime number x is 1. The difference between the factors of
prime number y is 2. Is xy even?

The answer can be found on page 75.

Testing Odd & Even Cases

Sometimes multiple variables can be odd or even, and you need to determine the implications of each
possible scenario. In that case, set up a table listing all the possible odd/even combinations of the
variables, and determine what effect that would have on the question.

If a, b, and c are integers and ab + ¢ is odd, which of the following must be true? Indicate all
that apply.
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A a+cisodd

b+ c1s odd
abc 1s even

Here, a, b, and c could all possibly be odd or even. Some combinations of odds & evens for a, b, and
c will lead to an odd result. Other combinations will lead to an even result. You need to test each
possible combination to see what the result will be for each. Set up a table, as shown below, and fill
in the possibilities.

Scenario a b c ab + ¢
| Odd Odd Even OxO+E=0
2 Odd Even Odd OxE+0O0=0
3 Even Odd Odd ExOQ+0=0
4 Even Even Odd ExE+O0=0

If ¢ 1s even, ab must be odd in order for ab + ¢ to be odd. For that, « and » must each be odd. If ¢ 1s
odd, ab must be even in order for ab + ¢ to be odd. There are three ways that could happen—either a
or b could be even, or both could be even. You can conclude that choice (A) need not be true
(Scenario 2 yields a + ¢ = even), choice (B) need not be true (Scenario 3 yields b + ¢ = even), and
choice (C) must be true (all four working scenarios yield abc = even). Therefore, the only correct
answer 1s choice (C).

Check Your Skills

X
6. If x and y are integers, and — is even, which of the following could be true?

Indicate all that apply.
Al xyisodd
Bl xyiseven
[C] x+yisodd

7. x, v, and z are integers. If xyz is even, x + z 1s odd, and y + z 1s odd, z is:
Choose just one answer.

(A) Even
(B) Odd
(C) Indeterminable (could be even or odd, or a fraction)

Answers canrhesfiortsdomnpages 75—76.
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Check Your Skills Answer Key

1. Odd: You have an odd multiplied by an odd, which always results in an odd. Then add an even to
the odd, which also results in an odd.

2. Odd: At least one of the numbers multiplied together is even, meaning the product will be even.
When you add an odd to that even, you get an odd.

3. Even: Because integers go back and forth between evens and odds, the sum of any four consecutive
integers can be expressed as Even + Even + Odd + Odd. Taking these one by one, start with Even +
Even = Even. Then add an Odd to that Even, resulting in an Odd. Finally, add another Odd to that
Odd, resulting in an Even.

4. No: The product of two odd integers i1s always odd. Any multiple of two is even, and as the chart
showed, an odd divided by an even cannot be an integer.

5. Yes: Prime numbers only have two factors: 1 and themselves. So if the difference between the
factors of a prime number is 1, its factors must be 1 and 2. This means x = 2. By the same logic, y
must be equal to 3 (3 — 1 =2). The product of 2 and 3 is 6, so xy is even.

6. (B) and (C): If x/y is even, then either x and y are both even, or x is even and y is odd. Make a
chart:

Scenario L, ¥ x/y xy x+y
Even or Odd
1 E E : Even Even
or Non-int.
Even or
2 E O i Even Odd
Non-int.
2 e T e Py e FaR i
l__f p L I I . L e L L
A il il Ddd‘ a3 (A4 ] BT
e L L " AU 1 VETT
Non-int.

The question stem stipulates that x/y is even. This is only possible in the first two scenarios. In both
of those situations, xy is even. This means that choice (A) 1s untrue, but choice (B) is true. While x +
y can be either even or odd, that means that it could be odd, so choice (C) also works.

7. (C): Indeterminable. Once again, make a Cfiggt/eltstep.com



The more restrictive constraints are the odd sums, which require either odd + even or even + odd.
Thus, x and y have opposite status, as do y and z. There are only two such cases, as shown here:

Scenario x y z xyz x+z y+2
1 E E O E O O
2 O O E E O O

https://ieltstep.com

Therefore, xyz is even in either case, since there is always at least one even term in the product. As
you can see, z 1s even in one case and odd in the other.
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Problem Set

For problems #1-15, answer each question Odd, Even, or Cannot Be Determined. Try to explain
each answer using the rules you learned in this section. All variables in problems #1—15 are assumed
to be integers unless otherwise indicated.

1. Ifnisodd, piseven, and g is odd, whatis n + p + ¢g?

2. Ifrisaprime number greater than 2, and s 1s odd, what is 7s?
3. Iftis odd, what is #*?

4. Ifuisevenand wis odd, what is u + uw?

5. Ifx +yyields an odd integer, what is x?

6. Ifa+ biseven, whatis ab?

7. Ifc, d, and e are consecutive integers, what is cde?

8. Iffand g are prime numbers, what is f+ g?

9. Ifhiseven,jisodd, and k£ is odd, what is k(4 + j)?

10. If m is odd, what is m? + m?

11. If n, p, g, and r are consecutive integers, what is their sum?
12. Ift=s5 — 3, whatis s + ¢?

13. If u is odd and w is even, what is (uw)? + u?

14. If xy is even and z 1s even, what is x + z?

15. If a, b, and c are consecutive integers, what is a + b + ¢?

16. 202 divided by some prime number x yields an odd number. 411 multiplied by some prime
number y yields an even number.

Quantity A Quantity B
X y

17. https://ieltstep.com



Quantity A Quantity B

The tenths digit of the product of

The tenths digit of the product of an even and an odd infeger

two even integers divided by 4

divided by 4
18.
X 1s a non-negative even integer.
Quantity A Quantity B
X 1
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Solutions

1. Even: O+ E=0. O+ O=E. Ifin doubt, try plugging in actual numbers: 7 + 2 + 3 =12 (even).
2. 0dd: O x O=0. If in doubt, try plugging in actual numbers: 3 x 5 =15 (odd).

3.0dd: O x O x O x0O=0.Ifin doubt, try plugging in actual numbers: 3 x 3 x 3 x 3 =81 (odd).
4. Even: uw is even. Therefore, E + E = E.

5. Cannot Be Determined: There are no guaranteed outcomes in division. For example, 6 +2 =3 =
odd, but 3 + 1 =3 = odd. Thus, x could be even or odd.

6. Cannot Be Determined: If a + b is even, a and b are either both odd or both even. If they are both
odd, ab is odd. If they are both even, ab is even. Therefore, you cannot determine whether ab is odd
or even.

7. Even: At least one of the consecutive integers, ¢, d, or e, must be even. Therefore, the product cde
must be even.

8. Cannot Be Determined: If either f or g is 2, then '+ g will be odd. If fand g are odd primes, or if
fand g are both 2, then f + g will be even. Therefore, you cannot determine whether f + g is odd or
even.

9. Odd: 4 +j must be odd (E + O = O). Therefore, k(4 + j) must be odd (O x O = O).
10. Even: m? must be odd (O x O = O). Therefore, m? + m must be even (O + O = E).

11. Even: If n, p, g, and r are consecutive integers, two of them must be odd and two of them must be
even. You can pair them up to add them: O + O =E and E + E = E. Adding the pairs, you will see that
the sum must be even: E + E =E.

12. Odd: If s 1s even, then # must be odd. If s is odd, then # must be even. Either way, the sum must be
odd: E+O=0,0orO+E=0.

13. Odd: (uw)? must be even. Therefore, E + O = O.

14. Cannot Be Determined: If xy is even, then either x or y (or both x and y) must be even. Given
that z is even, x + z could be O + E or E + E. Therefore, you cannot determine whether x + z 1s odd or
even.

15. Cannot Be Determined: If a, b, and ¢ arr]fg cpln%g:tcutlve then there could be either one or two even

integers in the set. a + b+ c could be O+ E + O'or E 40O+ E. In the first case, the sumis even; in the



second, the sum is odd. Therefore, you cannot determine whether a + b + ¢ is odd or even.

16. (C): An even divided by an odd can never yield an odd quotient. This means the prime number x
must be even (because otherwise you'd have 202/odd, which wouldn't yield an odd quotient). The
only even prime number is 2, so x = 2. Similarly, an odd times an odd will always be odd, so y must
be even. The only prime even number is 2, so y = 2.

Quantity A Quantity B
202 202
=odd — ——=140] 411 x y =even — 411 x 2 =822
X L
x=2 y=2

17. (D): This question could be solved either by trying out numbers or making a chart. For Quantity
A, the product of two even integers will always divide evenly by 4 because each even number has a 2
in its prime tree. For instance, 2 X2 =4,2 x4 =8, and 2 x 6 = 12. All of these numbers are divisible
by 4, and the integer that results after dividing by 4 will always have a zero in the tenths digit.

4+4=10,8+4=20,12+4=3.0

The product of an even and an odd integer could be divisible by 4, which would mean that its tenths
20

digit was 0. For example, 4 x 5 =20, and — = 5, the tenths digit of which is 0. However, it could
4
also not be divisible by 4. For example, 2 x 5 =10, and E — 2.5, the tenths digit of which is 5.
4

Because the two quantities could be equal or different, the answer must be choice (D). Therefore, the
relationship cannot be determined from the information given.

18. (D): Always be careful when dealing with evens and odds. While 0 is neither positive nor
negative, it is even. Thus, the first possible value of x here is 0, not 2. Thus, x could be either less
than or greater than 1. Therefore, the relationship cannot be determined from the information
given.
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A Double Negative = A Positive
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Positives & Negatives

Numbers can be either positive or negative (except the number 0, which is neither). A number line
illustrates this idea:

| | |
| |
& < 4 8 4 B i i3

4

(D) ——
] o——

Negative numbers are all to the left of 0. Positive numbers are all to the right of 0.

Note that a variable (such as x) can have either a positive or a negative value, unless there is
evidence otherwise. The variable x 1s not necessarily positive, nor is —x necessarily negative.

Absolute Value: Absolutely Positive

The absolute value of a number answers this question: How far away is the number from 0 on the
number line? For example, the number 5 is exactly 5 units away from 0, so the absolute value of 5
equals 5. Mathematically, this is written using the symbol for absolute value: [5|= 5. To find the
absolute value of —5, look at the number line above: —5 is also exactly 5 units away from 0. Thus, the
absolute value of —5 equals 5, or, in mathematical symbols, [-5| = 5. Notice that absolute value is
always positive, because it disregards the direction (positive or negative) from which the number
approaches 0 on the number line. When you interpret a number in an absolute value sign, just think:
Absolutely positive! (Except, of course, for 0, because 0] = 0, which is the smallest possible absolute
value.)

On the number line above, note that 5 and —5 are the same distance from 0, which is located halfway
between them. In general, 1f two numbers are opposites of each other, then they have the same
absolute value, and 0 1s halfway between. If x = —y, then you have either

(You cannot tell which variable is positive without more information.)

A Double Negative = A Positive

https://ieltstep.com




A double negative occurs when a minus sign is in front of a negative number (which already has its
own negative sign). For example:

Whatis 7 — (—3)?
Subtracting a negative number is equivalent to adding the corresponding positive number:
7—-(3)=7+3=10.

This is a very easy step to miss, especially when the double negative is somewhat hidden. For
instance:

Whatis 7 — (12 — 9)?

Many people will make the mistake of computing this as 7 — 12 — 9 = —14. However, notice that the
second term in the expression in parentheses has a double negative. Therefore, this expression should
be calculated as 7 — 12 + 9 =4.

Check Your Skills
1. Does |-5 |+ |5+ [-5|=[15]?

X
2.1f4y — (x —4) = 4x + (—y + 4), and neither x nor y = 0, what is —?
y

Answers can be found on page 87.

Multiplying & Dividing Signed Numbers

When you multiply or divide two numbers, positive or negative, follow one simple rule:

If Signs are the Same, the answer is poSitive Tx8=56 & (—7) x(—8)=56

but if Not, the answer is Negative. (7)) x8=-56 &7 x (—8) =—56
56 +7=8&-56+(—8)=7
56+ (-7)=-8& 56 +8=-7

That is, positive X positive or negative X negative will result in a positive. In contrast, positive X
negative will result in a negative.

This principle can be extended to multiplication and division by more than two numbers. For
example, if three numbers are multiplied together, the result will be positive if there are NO negative
numbers, or two negative numbers. The result will be negative if there is one or three negative
numbers.

This pattern can be summarized as follows. Wihefieygermanltiply or divide a group of nonzero numbers,



the result will be positive if you have an EVEN number of negative numbers. The result will be
negative if you have an ODD number of negative numbers.

Check Your Skills

3. Is the product —12 x —15 x 3 x 4 x 5 X =2 positive or negative?
4. If xy #0, is —x x —y definitely positive?

Answers can be found on page 87.

Testing Positive & Negative Cases

Some Positives & Negatives problems deal with multiple variables, each of which can be positive or
negative. In these situations, you should set up a table listing all the possible positive/negative
combinations of the variables, and determine what effect that would have on the question. For
example:

If ab > 0, which of the following must be negative?
(A) a+b (B) |a|+ b (C) b—a (D) — (E) —

One way to solve problems such as this one is to test numbers systematically. In this example, you can
list both of the two possible positive/negative combinations of a and b that meet the criteria
established in the question. Then, test each of the combinations in each of the answer choices. You
can use a chart such as the one below to keep track of your work, choosing simple values (e.g., 3 and
6) to make calculations quickly:

Criterion: A B | & D E
ab = a+ b |a|+ b b—a = ekt
b b
1 + e,
a=3 YES POS POS POS POS <I\IEE3}
b=06 v
el YES NEG NEG NEG POS @E@
b=—-6 -

Notice that if more than one answer choice gives you the desired result for all cases, you can try
another pair of numbers and test those answer choices again.

Another approach to this problem is to determine what you know from the fact that ab > 0. If ab > 0,
then the signs of a and b must both be the same g:l;}%gsltgj%ir%ive or both negative). This should lead you



: : a .. :
to answer choice (E), since —3 must be negative if @ and b have the same sign.

Check Your Skills
5. x| > |v|. Which of the following must be true? Indicate all that apply.

Xy 1s positive
x+y>0
x>y

6. Ifab <0, a> b, and a > —b, which of the following must be true?

(A) a/b>0

(B) a+b<0
C) b—(a>0
(D) a/b=1

(E) a—b<0

Answers can be found on pages 87-88.
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Check Your Skills Answer Key

1. Yes: The absolute values of 5 and —5 are both 5, and 5+5 +5=15.

2. 1: This question is easy as long as you pay close attention to the signs. The left side of the equation
will have a double negative (in front of the 4), so it simplifies to 4y — x + 4. The right side has no
double negative (in fact, the parentheses are unnecessary), so it simplifies to 4x —y + 4.

The equation now reads:

4y —x+4=4x—-y+4.

X
Continue to simplify: 5y = 5x, or x =y. If x and y are equal, then —= 1.
J

3. Negative: Here there are three negative numbers and three positive numbers. Two of the negative
numbers will cancel each other out, and the third one will make the final product negative.

4. No: Because the two negative signs multiply to a positive, you can say that (—x)(—y) = xy.
However, always be careful when dealing with variables, because x or y could themselves be
negative. If x and y are both positive or both negative, their product will be positive. But if x is
positive and y 1s negative, the product will be negative.

5. (C): What's more fun than making a chart? Nothing. Try looking at the four possible situations with
x and y that maintain the requirement that the absolute value of x is greater than the absolute value of

y.

Scenario x ¥ xy x+y 2 52
1 3 3 15 8 25 9
2 =5 3 ~15 -2 25 9
2 5 -3 ~15 2 25 9
4 -5 —3 15 -8 25 9

The second scenario here gets rid of both choice (A) and choice (B), because xy and x + y are both

negative. However, in every case, x> > )2, so choice (C) alone is necessarily true. You could also
solve this by looking at each statement while keeping in mind what you know i1f the absolute value of
x 1s greater than the absolute value of y. You don't know if xy is positive because x or y could be
negative.

https://ieltstep.com



6. (C): Though a bit tricky, the given information here tells you everything you need to know about a
and b. Instead of testing numbers to get through the answer choices (as above), test numbers to make
sense of the given information. First, if ab < 0, then the two variables must have opposite signs.
Second, if a > b, then a must be the positive number, and b the negative number. Finally, ifa > —b, a
must have a larger absolute value than b (if a =4 and b = —5, then —b > a, which is the opposite of
what you want).

Now, it should be enough just to walk though the answer choices.
a
(A)—>0
b
Untrue: If @ and b have opposite signs, then the quotient will be negative.

B)a+b<0
Untrue: You know that a is positive and has a larger absolute value than 5. No matter
what a and b are, their sum has to be positive.

O b—(—a)>0
True: This actually simplifies to look like the equation in answer choice (B), though with
the sign switched. You already know this has to be true.

a
D)—=1.
()e}

Untrue: The quotient of a positive and a negative number must be negative, so can never
be 1.

(E)a—-b<0

Untrue: If you subtract a negative number from a positive number, you'll be left with an
even bigger positive number.
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Problem Set

Solve problems #1-5. Don't use the calculator.
1. Evaluate 2)x —y|+ |z +w|ifx=2,y=5,z=-3,and w=8.

2. Simplify 66 = (-33) x | 9|

3. Simplify =30 i 168
5 -3
4, SimpnfyM
—35x(-2)

5. Whenis [x —4|equal to 4 — x?

In problems 6—15, decide whether the expression described is Positive, Negative, or Cannot Be
Determined. If you answer Cannot Be Determined, give numerical examples to show how the
problem could be either positive or negative.

6. The product of three negative numbers
7. The quotient of one negative and one positive number

8. xy, giventhatx <0andy #0

9. |x|xy? giventhatxy #0

X
10. — + z, given that x, y, and z are negative

11, ladl
b

12. —4d|, given thatd # 0

,giventhat b <a <0

13.E,giventhatr<s<0<w<t
w

14. h*im?, given that k < 0 and hm # 0

15. ———, given that xyz <0
{_y} {_ z} https://ieltstep.com



16.

Quantity A

x
x|

17.

Quantity A

—aX—axaxXa

18.

Quantity A

x+y

xy>0

| =Dl x#0

https://ieltstep.com
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4

Iyl

Quantity B
-1

Quantity B
2x
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Solutions

1.11: 2k —y|+ z + w22 = 5|+ -3 + 8| =2]-3| + |5/ =2(3) + 5 = 11. Note that when you deal with
more complicated absolute value expressions, such as [x — y| in this example, you should NEVER
change individual signs to “+” signs! For instance, in this problem [x — y|= |2 — 5|, not |2 + 5.

2. —18: In division, use the Same Sign rule. In this case, the signs are not the same. Therefore, 66 +
(—33) yields a negative number (—2). Then, multiply by the absolute value of =9, which is 9. To
multiply —2 % 9, use the Same Sign rule: the signs are not the same, so the answer is negative.
Remember to apply division and multiplication from left to right: first the division, then the
multiplication.

3. —3: This is a two-step subtraction problem. Use the Same Sign rule for both steps. In the first step,
o —
ﬁ, the signs are different; therefore, the answer is —6. In the second step, L = ) , the signs

=3 =5

are again different. That result is —3. The final answer 1s =6 — (—=3) = 3.

4. —2: The sign of the first product, 20 % (—=7), is negative (by the Same Sign rule). The sign of the
second product, —35 % (—2), is positive (by the Same Sign rule). Applying the Same Sign rule to the
final division problem, the final answer must be negative.

5. x < 4: Absolute value brackets can only do one of two things to the expression inside of them: (1)
leave the expression unchanged, whenever the expression is 0 or positive, or (2) change the sign of
the whole expression, whenever the expression is 0 or negative. (Notice that both outcomes occur
when the expression is 0, because “negative 0” and “positive 0” are equal.) In this case, the sign of
the whole expression x — 4 is being changed, resulting in —(x — 4) =4 — x. This will happen only if
the expression x — 4 is 0 or negative. Therefore, x —4 <0, or x < 4.

6. Negative: The product of the first two negative numbers is positive. This positive product times
the third negative is negative.

7. Negative: By the Same Sign rule, the quotient of a negative and a positive number must be
negative.

8. Cannot Be Determined: x is negative. However, y could be either positive or negative. Thus,
there is no way to determine whether the product xy is positive or negative. Numerical examples are
x=-2and y =3 or —3, leading to xy = —6 or 6.

9. Positive: [x| is positive because absolute value can never be negative, and x # 0 (since xy # 0).
Also, ) is positive because y* will be either positive X positive or negative x negative (and y # 0).

The product of two positive numbers is positive, by the Same Sign rule.
https://ieltstep.com



10. Negative: Do this problem in two steps: First, a negative number divided by a negative number
yields a positive number (by the Same Sign rule). Second, a positive number divided by a negative
number yields a negative number (again, by the Same Sign rule).

11. Negative: a and b are both negative. Therefore, this problem is a positive number (by the
definition of absolute value) divided by a negative number. By the Same Sign rule, the answer will be
negative.

12. Negative: You do not need to know the sign of d to solve this problem. Because d is within the
absolute value symbols, you can treat the expression |d| as a positive number (since you know that d #
0). By the Same Sign rule, a negative number times a positive number yields a negative number.

13. Positive: » and s are negative; w and ¢ are positive. Therefore, st 1s a positive number. A
positive number divided by another positive number yields a positive number.

14. Negative: Nonzero numbers raised to even exponents always yield positive numbers. Therefore,
h* and m? are both positive. Because k is negative, k> is negative. Therefore, the final product,
h*k3m?, is the product of two positives and a negative, which is negative.

-

15. Negative: Simplifying the original fraction yields:—.
¥z

If the product xyz 1s positive, then there are two possible scenarios: (1) all the integers are positive,
or (2) two of the integers are negative and the third 1s positive. Test out both scenarios, using real
numbers. In the first case, the end result is negative. In the second case, the two negative integers will
essentially cancel each other out. Again, the end result is negative.

16. (C): If xy > 0, x and y have the same sign. You already know that the denominator of both
fractions described in the quantities will be positive. The numerator will either be positive for both,
or negative for both. If both x and y are positive, the quantities simplify like this:

xy=0
Quantity A Quantity B
x positive X ' ositive y
| x|  positive x ly|  positive y

In this case, both quantities equal 1. If x and y are both negative, the quantities simplify like this:

xy>0
Quantity A Quantity B
x negative x . ey
g == ¥ _i negative y il
| x|  positive x

| ¥|  positive ¥

In this case, both quantities equal —1. Either way, the values in the two quantities are equal.
https://ieltstep.com



17. (A): If a is positive, then —a is negative, and Quantity A can be rewritten as (negative) x
(negative) x (positive) X (positive), which will result in a positive product.

If a 1s negative, then —a is positive, and Quantity A can be rewritten as (positive) x (positive) X
(negative) x (negative), which will result in a positive product.

In either of these situations, the quantities look like this:

Quantity A Quantity B
positive -1
Quantity A will be greater.

The other possibility is that a 1s 0. If a 1s 0, then Quantity A looks like this:

Quantity A Quantity B
0x0x0x0=0 -1

Therefore, Quantity A is greater in either scenario.

18. (D): If [x| = |y, then the two numbers could either be equal (positive or negative) or opposite (one
positive and one negative). The following chart shows all the possible arrangements if [x| = |y| = 3:

Quantity A=x+y Quantity B = 2x
3 3 6 = 6
3 = 0 < 6
=3 3 0 > —6
) ) —6 = -6

Alternatively, you could reason that if x and y are the same sign, then x = . Substitute x for y in
Quantity A:

x| =, x#0
Quantity A Quantity B
x+(x)=2x 2x

If x and y are the same sign, the quantities are equal.

If x and y have opposite signs, then —x = y. Substitute —x for y in Quantity A:

x| =1l x#0
Quantit A https://ieltstep.com Quantity B



x+(—x)=0 2x

If x does not equal 0, then the values in the two quantities will be different. The correct answer is
(D). Thus, the relationship cannot be determined from the information given.

https://ieltstep.com
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Exponents

The mathematical expression 4° consists of a base (4) and an exponent (3).

The expression is read as “four to the third power.” The base (4) 1s multiplied by itself as many times
as the power requires (3).

Thus, 43 equals 4 x 4 x 4 = 64.

Two exponents have special names: the exponent 2 is called the square, and the exponent 3 is called
the cube. For example, 5% can be read as five to the second power, or as five squared (52=5 x 5 =
25); 53 can be read as five to the third power, or as five cubed (5° =5 x 5 x 5 =125).

Wow, That Increased Exponentially!

Have you ever heard the expression: “Wow, that increased exponentially!”? This phrase captures the
essence of exponents. When a positive number greater than 1 increases exponentially, it does not
merely increase; it increases a whole lot in a short amount of time.

An important property of exponents is that the greater the exponent, the faster the rate of increase.
Consider the following progression:

5t=5

52=125 Increased by 20
53=125 Increased by 100
54=625 Increased by 500

The important thing to remember is that for positive bases bigger than 1, the greater the exponent, the
faster the rate of increase.

All About the Base

The Sign of the Base

The base of an exponential expression may lﬂﬁpgm%&%mve or negative. With a negative base,



simply multiply the negative number as many times as the exponent requires.

For example:
(42 =(~4) x (4 =16 (4= (~4) x (-4 % (-4) =64
Consider this problem:

If x> = 16, is x equal to 47

Your initial inclination is probably to say yes. However, x may not be 4; it may be —4. Thus, you
cannot answer the question without additional information. You must be told that x is positive in order
to affirm that x 1s 4. Beware whenever you see an even exponent on the test. Another important thing
to remember is that according to the Order of Operations rules, (PEMDAS), exponents have higher

precedence than subtraction, so —4° means —(4°) = —16, not (—4)* = 16.

The Even Exponent Is Dangerous: It Hides the Sign of the Base!

One of the GRE's most common tricks involves the even exponent. In many cases, when an integer is
raised to a power, the answer keeps the original sign of the base. For example:

32=9 (-3)3=-27 33=27
(positive base, (negative base, (positive base,
positive result) negative result) positive result)

However, any base raised to an even power will always result in a positive answer. This is because
even if the underlying base is negative, there will be an even number of negative signs in the product,
and an even number of negative signs in a product makes the product positive. For example:

32=9 (-3)*=9 (-3)*=281
(positive base, (negative base, (negative base,
positive result) positive result) positive result)

Therefore, when a base is raised to an even exponent, the resulting answer may either keep or change

the original sign of the base. Whether x =3 or —3, x> = 9. This makes even exponents extremely
dangerous, and the GRE loves to try to trick you with them.

Note that odd exponents are harmless, since they always keep the original sign of the base. For
example, if you have the equation x> = 64, you can be sure that x = 4. You know that x is not —4
because (—4) would yield —64.

Check Your Skills

1. If x X x xx =—27, what 1s x? https://ieltstep.com



2. If x2 x x3 x x = 64, what is x?

Answers can be found on page 109.
A Base of 0, 1, or —1

e The number 0 raised to any power always yields 0, regardless of the exponent.
e The number 1 raised to any power always yields 1, regardless of the exponent.

e The number —1 raised to any power yields 1 when the exponent is even, and yields —1 when the
exponent is odd.

For example, 0°=0x0x0=0and 0*=0x0x0x 0=0.
Similarly, 1’°=1x1x1=1land 1*=1x1x1x1=1.
Finally, (—1)° = (=1) x (1) x (=1) =—1, but (-1)*= (1) x (=1) x (=1) x (=1) = 1.

Thus, if you are told that x6 = x” = x13, you know that x must be either 0 or 1. Do not try to do algebra
on the equation. Simply plug 0 and 1 to check that the equation makes sense. Note that —1 does not fit

the equation, since (—1)° =1, but (-1)" =—1.

Of course, if you are told that x® = x® = x10, x could be 0, 1, or —1. Any one of these three values fits
the equation as given. (See why even exponents are so dangerous?)

Check Your Skills

3. Ifx* x x —4 =y, what is y?

4. 1fx3 — x =0 and x% + x2 = 2, what is x?
Answers can be found on page 109.

A Fractional Base

When the base of an exponential expression is a positive proper fraction (in other words, a fraction
between 0 and 1), an interesting thing occurs: as the exponent increases, the value of the expression
decreases! For example:

(-

&

Notice that = ~ = < E Increasing powers cause positive fractions to decrease.

4 16 064

You could also distribute the exponent beforﬁtﬁ?}}%gg@ﬁi&%ﬁ For example:



(2)1:3122 (9)2_32_1 (é)z_i_i
4) 4 4 4) 4 16 4) 4 o4

Note that, just like proper fractions, decimals between 0 and 1 decrease as their exponent increases:
(0.6)>2=0.36 (0.5)*=0.0625 (0.1)° =0.00001

Check Your Skills
2
5. Which is bigger, [%] or (0.8)?

6. Which is bigger, %or(?]z?

Answers can be found on page 109.

A Compound Base

When the base of an exponential expression is a product, you can multiply the base together and then
raise it to the exponent, or you can distribute the exponent to each number in the base. For example:

(2 x 5)>=(10)>=1,000 or (2x5)P3=23%x53=8x125=1,000

You cannot do this with a sum or a difference, however. You must add or subtract the numbers inside
the parentheses first:

(2 +5)3=(7)}=343 (2+5)3#23+ 53, whichis 8 + 125 =133
(5—-2)4=3%=81 (5 —2)*# 54— 2% whichis 625 — 16 = 609

All About the Exponent

The Sign of the Exponent
An exponent is not always positive. What happens if the exponent is negative? Take a look below:

1 1 1 1
:3_1:_:_ :T:42:16 (—2)_?": _——

L7
Fi

Ak B 472 1
42
Very simply, negative exponents mean “put the term containing the exponent in the denominator of a
fraction, and make the exponent positive.” In other words, divide by the base a certain number of
times, rather than multiply. An expression with a nelztgative exponent is the reciprocal of what that

. . .. http ep.com . .
expression would be with a positive exponent. Wﬁen you see a negative exponent, think



reciprocal! For example:

An Exponent of 1

Any base raised to the exponent of 1 keeps the original base. This is fairly intuitive, as shown here:
1

1 > 1 -5 1 1 1

F=3 4! =4 (=6)! = =6 = | e

However, a fact that is not always obvious is that any number that does not have an exponent
implicitly has an exponent of 1. For example:

3x3%=7
In this case, just pretend that the “3” term has an exponent of 1 and proceed:

31 x 34=30") =35 Likewise, 3 x 3% =31 x 3* = 3(1*%) = 31
Rule: When you see a base without an exponent, write in an exponent of 1.

An Exponent of 0

By definition, any nonzero base raised to the O power yields 1. This may not seem intuitive. For
example:

1
e | 4" =1 (—6)° =1 (_5] =

To understand this fact, think of division of a number by itself, which is one way a 0 exponent could
occur:

ri

L

=T = g0.=1

3

When you divide 37 by itself, the result equals 1. Also, by applying the subtraction rule of exponents,
you can see that 37 divided by itself yields 3°. Therefore, 3 MUST equal 1.

Note also that 0° is indeterminate and never appears on the GRE. Zero is the ONLY number that,
when raised to the 0 power, does not necessarily equal 1.

Rule: Any nonzero base raised to the power of zero (e.g., 3°) is equal to 1.
https://ieltstep.com



Check Your Skills

7.1f2 x 2¥ =16, what is x?

8. 1f = __ —1, whatis)?
¥ 1 .
9.1f| — | =—x2’, whatis y?
2 4

Answers can be found on pages 109—110

Combining Exponential Terms

Imagine that you have a string of five a’s (all multiplied together, not added), and want to multiply this
by a string of three a’s (again, all multiplied together). How many a’s would you end up with?

Write it out:
(axaxaxaxa)yx(a@axaxa)=axXaxXaxaxaxa*Xaxa

If you wrote each element of this equation exponentially, it would read:

“a to the fifth times a cubed equals a to t
X & = a eighth”

This leads to the first exponent rule:

1. When multiplying exponential terms that share a common base, add the exponents.

Other examples:
Exponentially Written OQut
73 x 72 =173 (TxTxTyx(TxT)=Tx7TxTxTxT
§5x52x453=456 5x(5%x5)x(5x5%x5)=5x5%x5x5x5x%x5
fAxfr=r1 (X)X f=fxfxf>f

Now imagine that you are dividing a string of five a’s by a string of three a’s. (Again, these are
strings of multiplied a’s.) What would be the result? Write it out again:

You can cancel

out from top oy
axaxa and lE"‘:'M‘:'""’T‘fttps://ieltstep.com AX&X 4

axXaXaXaXxa AXgX gXgXa

—> axda



You can cancel out from top and bottom
—axa

If you wrote this out exponentially, it would read:

, “a to the fifth divided by a cubed equals
' squared”

This leads to the second exponent rule:

2. When dividing exponential terms with a common base, subtract the exponents.

Other examples:
Exponentially Written Out
P +72=73 (TXTxTxTXT)/(IxT)=T%x7Tx17
55+54=35 (O5x5x5x5x%x5)/(5x5%x5%x5)=5
frefl=f (XXX =]
These are the first two exponent rules:
Rule Book: Multiplying and Dividing Like Base with Different Exponents
When multiplying exponential terms that When dividing exponential terms with a
share a common base, add the exponents. common base, subtract the exponents.
a3><a2=a5 a5+a2=a3
Check Your Skills

Simplify the following expressions by combining like terms.

10. b° x b’

11. () (x%
5

12. 7

2

X
8
13.9°
d?
Answers can be found on page 110.

These are the most commonly used rules, buf#BerElii§eiine other important things to know about



exponents.

Additional Exponent Rules

1. When something with an exponent is raised to another power, multiply the two exponents
together:

(d2)4 — a8
If you have four pairs of a’s, you will have a total of eight a’s:
(@axa)x(axa)*(@axa)x(@axa)=axaxaxaxaxaxaxa=ad

It is important to remember that the exponent rules just discussed apply to negative exponents as well
as to positive exponents. For instance, there are two ways to combine the expression 2° x 273:

1. The first way is to rewrite the negative exponent as a positive exponent, and then combine:

252305« 1 _ 2 o532y
73 23

2. Add the exponents directly:
25 x 23 =95H3)=92=4
Check Your Skills
Simplify the following expressions.

14. (x3)*
15. (5%)3

Answers can be found on page 110.

Rewriting Bases

So now you know how to combine exponential expressions when they share a common base. But what

can you do when presented with an expression such as 53 x 2522 At first, it may seem that no further
simplification is possible.

The trick here is to realize that 25 is actually 5%. Because they are equivalent values, you can replace

25 with 52 and see what you get. |
https://ieltstep.com



You can write 5 x (5%)% as 53 x 5%, This expression can now be combined and you end up with 57.

When dealing with exponential expressions, you need to be on the lookout for perfect squares and
perfect cubes that can be rewritten. In the last example, 25 is a perfect square and can be rewritten as
52. In general, it is good to know all the perfect squares up to 152, the perfect cubes up to 63, and the
powers of 2 and 3. Here's a brief list of some of the numbers likely to appear on the GRE:

The powers of 2: 2, 4, 8, 16, 32, 64, 128
The powers of 3: 3,9, 27, 81

42=16 102=100 23=8
52=25 112=121 33=27
6% =36 122 =144 43 =64
7% =49 132=169 53=125
82 = 64 142=196
92 =381 152=225

Let's try another example. How would you combine the expression 23 x 8*? Try it out for yourself,

Again, the key is to recognize that 8 is 2°. The expression can be rewritten as 23 x (23)*, which
becomes 23 x 212, which equals 21°.

Alternatively, you could replace 23 with 8'. The expression can be rewritten as 8' x 84, which equals
8.

Check Your Skills
Combine the following expressions.

16.24 x 163
17. 7° x 498
18.93 x 813

Answers can be found on page 110.

Simplifying Exponential Expressions

Now that you have the basics down for working with bases and exponents, what about working with
multiple exponential expressions at the same time? If two (or more) exponential terms in an
expression have a base in common or an ex&one n common, you can often simplify the expression.

ttps://ie tstep m
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When Can You Simplify Exponential Expressions?

1. You can only simplify exponential expressions that are linked by multiplication or division.
You cannot simplify expressions linked by addition or subtraction (although, in some cases,
you can factor them and otherwise manipulate them).

2. You can simplify exponential expressions linked by multiplication or division if they have
either a base or an exponent in common.

How Can You Simplify Them?

Use the exponent rules described earlier. If you forget these rules, you can derive them on the test by
writing out the example exponential expressions. For example:

These expressions CANNOT  These expressions CAN be Here's how:
be simplified: simplified:

74 4+ 76 (74)(76) (74)(76) =74+6 =710

34+ 124 (3%H(12% (3H(12% = (3 x 12)* =3¢
63 65

65_63 — — =63 =@/2
63 63

7 127 _(12Y

127 _ 37 i —=| — - 4?

A 37 3

You can simplify all the expressions in the middle column to a single term, because the terms are
multiplied or divided. The expressions in the left-hand column cannot be simplified, because the
terms are added or subtracted. However, they can be factored whenever the base is the same. For

example, 74+ 7° can be factored because the two terms in the expression have a factor in common.
What factor exactly do they have in common? Both terms contain 7*. If you factor 74 out of each term,
you are left with 74(7% + 1) = 74(50).

The terms can also be factored whenever the exponent is the same and the terms contain something in
common in the base. For example, 3% + 124 can be factored because 124 = (2 x 2 x 3)* Thus, both
bases contain 34, and the factored expression is 3%(1 + 4%) = 34(257).

Likewise, 6° — 63 can be factored as 63(6% — 1). 63(35) and 127 — 37 can be factored as 37(47 — 1).

On the GRE, it generally pays to factor exponential terms that have something in common in the bases.
For example:

If x = 420 + 421 + 422 what is the largest prime factor of x?

All three terms contain 4%Y, so you can factor the expression: x = 420(4% + 41 + 42). Therefore, x =
49(1 + 4+ 16) =42°(21) = 4°°(3 x 7). The laggestiprimefactor of x is 7.



Rules of Exponents

Exponent Rule

Examples
oo = 5 xe’=c 3 % 3° = 3"
{‘,_J.’).‘) - ‘__J,l{,_.a.l::l - i.l.r+l

a6 = (ab)" 2 3t=¢6* 12° =2""% 3’
x* — x[;r—a’r] 25 :i: 2—'5 ﬂ :x-_
b 1 96 3

2 ]x— ax [EJ'S N l{}t‘ B :56 55 _ (i]i‘ 2 (l]}

b b* 2 L 95 9 3

& X X - X
d +d +ada =d

Check Your Skills

19. Can these expressions be simplified (i.e., reduced to a single term)?

a. x2 + x2
b. x? x y?
c.2(2" +3™)

Answers can be found on page 110.

Common Exponent Errors

Study this list of common errors carefully and identify any mistakes that you occasionally make. Note

the numerical examples given!

INCORRECT

CORRECT

(x +y)*=x>+y*?
(3+2)2=3%2+22=137

e F¥ISu|
LS. 777€1

step-com

(x +)?=x*+2xp +)°
(3+2)?=52=25

a* x b = (ab)*? ?

Cannot be simplified further (different bases and




24x35=(2x3)*59 different exponents)

axad=av"? =gt
54x53=5129 5% x53=57
(@) =a*) 2 (a*yY =aV

(74)3 =779 (74)3 =712
a+a=a"? Cannot be simplified further (addition and
B+x2=x9 different exponents)
a+a*=a*>"? a*+a*=2a*
22X =2%79 2 +2%=2(2) =21
axa*=a%"? a X a =gt
5x 5 =257 5 x 57 =571

2129 —x? cannot be simplified further

219 —42=-16

' Compare: (—x)? =x? and (—4)* =16
X — X 9
o g‘ : ’;; . Cannot be simplified further

Check Your Skills Answer Key

1. —3: If a number is raised to an odd power (x - x - x =x3), the result will have the same sign as the
original base. This means that x must be —3.

3

2.2 or —2: You have an even power here (x? - x> - x =x°), so the base could be positive or negative.

This means x could be either 2 or —2.

3. 1: Whenever you multiply two terms with the same base, add the exponents: 4 + (—4) = 0, and x° =
1. This means y = 1.

4.1, —1: The rules tell you that if x> = x (which you get if we add x to both sides of the first equation),
x canbe 0, —1, or 1. If x = 0, the second equation, 0 + 0 =2, is false. If x = 1 or —1, the second
equation works, sox =1 or —1.

5.(0.8)%: Every fraction gets smaller the higher you raise its power, so both of these will get smaller.
5

They will also get smaller at a faster rate depending on how small they already are. For example, 4 =
0.75, which is smaller than 0.8. This means that (0.75)? < (0.8)2. You can also think of it this way:
75% of 75 will be smaller than 80% of 80, because a smaller percent of a smaller starting number
will be even less.
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-' X 10 . : . : . : :
6. E | : Even though — is being presented to you in fractional form, it is an improper fraction,

.7 )

meaning its value is greater than 1. When something greater than 1 is raised to a power, it gets bigger.

10V _ 10

This means that] | >

7

7. 3: Quick thinking about powers of 2 should lead you to 2% = 16. The equation can be rewritten as
21 x 2¥ =24 Now you can ignore the bases, because the powers should add up: x + 1 =4, so x = 3.

8. 1: Anything raised to the 0 power equals 1, so the expression on the left side of this equation must
be equivalent to 5°. When dividing terms with the same base, subtract exponents: 57273 = 50,

Now ignore the bases: y+2—-3=0,soy=1.

9.1: l can be rewritten as 271, and l can be rewritten as 272, so the equation becomes 27 = 2072
: F

“ 4
Now you can ignore the powers, so—y=y —2.2y=2,and y = 1.

Alternatively, you could distribute the exponent, then cross-multiply:

1 2»

Iy 4
4=(2")(2)
22:22)/
2=2y
y=1

10. b122 b5 % b7 :b(5+7) :b12

11. x7: (3)(xH =xC T =7

}_15
12.y3: }’—l=y(5_2)=y3

13.d: 40 —g8-7=4

14, x12; (B)4 =33 ¥4 = x12
15.5%: (5%)3=52"3=56
16.216: 24 x 163 =24 x (243 =24 x 24*3 =24 x 212 =4+ 12 )16

17. 721: 75 x 498 = 75 x (72)8 = 75 x 72 8 =Ipthss(/iphttep.cphnt 16 — 721



18. 318 01.99: 93 % 813:(32)3 X (34)3:32><3 % 34><3:36 % 312:36+12:318
or 93 x (92> =93 x 96 =99
19.

(a) This cannot be simplified, except to say 2x2. You can't combine the bases or powers in any
more interesting way.

(b) Even though you have two different variables here, the rules hold, and you can multiply the
bases and maintain the power: (xy)>

(c) Half of this expression can be simplified, namely the part that involves the common base, 2:
271+ 2 % 37 It may not be much prettier, but at least you've joined up the common terms.

Problem Set

Simplify or otherwise reduce the following expressions using the rules of exponents.

1. 27

5 I
?4

3. 8%5%

4. 24x25+27-24

5. i—: + (4 )3

Solve the following problems.

6. Does a? + a* = a® for all values of a?

7. x> <x? Describe the possible values of x.
8. Ifx*=16, whatis |x |?

9. Ify°>0,isy <0?

10.Ifb>a>0and ¢ # 0, is a®b3c* positive?
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2 5
11. Simplify: 7Y

(y2)?

12. If ¥ + |r| = 0, what are the possible values of 7?

13.

14.

15.

Quantity A
2y

Quantity A
33 % 96 % 24 % 42

Quantity A
(0.99y

y>1

https://ieltstep.com
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33 % 96 % 24 % 44
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Solutions

1. L; Remember that a negative exponent yields the reciprocal of the same expression with a
32
positive exponent. Thus, 2-5 = L = 1 _
32

o)
2.49: [ — 764 — 72— 49

74
/

3. 404: 8%(5%) =404

4 —-12: 24%25:‘_24_2(4+5—7)_24_22_24_22 = A(] —4) = —
12 = = =25(1-29)=4(1-4)=-12
27

54J7%4¥—+[4j}=34+46=81+4ﬁ96=4J77

6. No: Remember, you cannot combine exponential expressions linked by addition.

7. Any non-zero number less than 1: As positive proper fractions are multiplied, their value

Py "3 ¥i )

f =

decreases. For example, [ 2 ‘ - ‘ . Also, any negative number will make this inequality true. A

5. <l
I'\ — /'I I'\ — /'l
negative number cubed is negative. Any negative number squared is positive. For example, (—3)° <
(—3)2. The number zero itself, however, does not work, since 03 = 02.

This could be determined algebraically:

)c3<)c2
B —-x2<0
xX(x—1)<0

x? is positive for all x # 0, so x?(x — 1) is negative when (x — 1) is negative: x < 1.
8. 2: The possible values for x are 2 and —2. The absolute value of both 2 and —2 is 2.

9. No: An integer raised to an odd exponent retains the original sign of the base. Therefore, if y° is
positive, y is positive.

10. Yes: b and a are both positive numbers. Wii¢tls&ster£87positive or negative, ¢* is positive. (Recall



that any number raised to an even power is positive.) Therefore, the product a?b3c* is the product of
three positive numbers, which will be positive.

11.1: },.2 X’ﬁ = }J :}.?—E e, | I
},.- {}_.2]4 }J.S.

12. 0, —1: If 7 + | r | = 0, then 7> must be the opposite of | 7 |. The only values for which this would be
true are 0, which is the opposite of itself, and —1, whose opposite is 1.

13. (C): When you raise a number to a negative power, that's the same as raising its reciprocal to the

positive version of that power. For instance, 372 = ( l) , because l is the reciprocal of 3. The

3 3

: ]. . : :
reciprocal of — is 2, so Quantity B can be rewritten.

y
i

Quantity A Quantity B

1§ T
? 5) =@

Therefore, the two quantities are equal.

14. (A): The goal with exponent questions is always to get the same bases, the simplest versions of
which will always be prime. Each quantity has the same four bases: 2, 3, 4, and 9. Because 2 and 3
are already prime, you need to manipulate 4 and 9: 4 = 2% and 9 = 3% Rewrite the quantities:

Quantity A Quantity B
33 x 90 x 24 x 42 = 03 x 36 x 22 x 44 =
33 % (32)6 % 24 % (22)2 (32)3 % 36 % 22 % (22)4

Now terms can be combined using the exponent rules.

Quantity A Quantity B
33 X (32)6 X 24 X (22)2 — (32)3 X 36 x 22 X (22)4 —
33><312><24><24= 36><36><22><28:
315><28 312><210

Now divide away common terms. Both quantities contain the product 312 - 28,

Quantity A Quantity B
315 ¢ 78 312 5 910
=33 =77 = =22 =4
312 5 28 3 ' 312 % 78 =

https://ieltstep.com



Therefore, Quantity A is greater.

15. (B): Any number less than 1 raised to a power greater than 1 will get smaller, so even though you
don't know the value of y, you do know that the value in Quantity A will be less than 0.99:

y>1
Quantity A Quantity B
(0.99) = less than 0.99 0.99 x y

Conversely, any positive number multiplied by a number greater than 1 will get bigger. You don't
know the value in Quantity B, but you know that it will be larger than 0.99:

y>1
Quantity A Quantity B
(0.99) = less than 0.99 0.99 x y = greater than 0.99

Therefore, Quantity B is greater.
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In This Chapter ...

Multiplication and Division of Roots

Simplifving Roots

Solving Algebraic Equations Involving Exponential Terms
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Roots

This chapter discusses some of the ways roots are incorporated into expressions and equations and
the ways you are allowed to manipulate them. You may be tempted to use the on-screen calculator
when you see a root expression, but it's often much easier to go without. You just need to know your
roots rules!

Before getting into some of the more complicated rules, it is important to remember that any square
root times itself will equal whatever is inside the square root, for instance: /5 » /2 = 2,

m % /18 = 18- You can even apply this rule to variables: \/} XAy =y So the first rule for roots

1S:

Vaxx = x

Multiplication and Division of Roots

Suppose you were to see the equation Bap \/: — ,» and you were asked to solve for x. What would
you do? Well, \f: _ > S0 you could rewrite the equation as 3 + 2 = x, and you would know that x = 5.
Because 4 is a perfect square, you were able to simply evaluate the root, and continue to solve the
problem. But what if the equation were JBxz=% and you were asked to find x? What would you
do then? Neither 8 nor 2 is a perfect square, so you can't easily find a value for either root.

It is important to realize that, on the GRE, sometimes you will be able to evaluate roots (when asked
to take the square root of a perfect square or the cube root of a perfect cube), but other times it will be
necessary to manipulate the roots. Up next is a discussion of the different ways that you are allowed
to manipulate roots, followed by some examples of how these manipulations may help you arrive at a
correct answer on GRE questions involving roots.

Go back to the previous question: If \/g ” \E what is x?

i

When two roots are multiplied by each other, you can do the multiplication within a single root. What

that means is that you can rewrite \E ik /g w2, whichequals 1. And _[q equals 4, which
means that x = 4.

This property also works for division.

https://ieltstep.com



If o = ﬁ, what 1s x?

V3
Nos:
J3

You can divide the numbers inside the square roots and put them inside one square root. So

becomes | 27 , which becomes ﬁ And \/ﬁ equals 3, so x = 3.
3 ' '

Note that these rules apply if there are any number of roots being multiplied or divided. These rules

= =
can also be combined with each other. For instance, 15 %12 becomes /1 IX12 . The numbers
9 5

2
inside can be combined, and ultimately you end up with /34, which equals 6.

Check Your Skills
Solve for x.
1.x=/20x+5
2.x= /20 =5

3.x=J2x6x12

4.x=@
V2x+3

Answers can be found on page 123.

Simplifying Roots

Just as multiple roots can be combined to create one root, you can also take one root and break it
apart into multiple roots. You may be asking, why would you ever want to do that? Well, suppose a
question asked: If ,. _ /5 x /¢, What is x? You would combine them, and say that x equals /17.

Unfortunately, , /17 will never be a correct answer on the GRE. The reason is that _ /17 can be

simplified, and correct answers on the GRE are presented in their simplest forms. So now the
question becomes, how can you simplify | /177

What if you were to rewrite J12 as \/ 4x 37 As mentioned, you could also break this apart into two
separate roots that are multiplied together, namely /4 « ﬁ And you already know that \/; equals 2,
so you could simplify to 9 \,@ . And 1n fact, that 1s the simplified form of \X{E , and could potentially
appear as the correct answer to a question off'lié/ &Rt to recap, the progression of simplifying



f] 7 was as follows:

J12 > J4x3 9\/Z><\/§%z\/§

Now the question becomes, how can you simplify any square root? What if you don't notice that 12
equals 4 times 3, and 4 is a perfect square? Amazingly enough, the method for simplifying square
roots will involve something you're probably quite comfortable with at this point—prime
factorizations.

Take a look at the prime factorization of 12. The prime factorization of 12is 2 x 2 x 3. So /1> can
be rewritten as /5y 7 % 3. Recall the first roots rule—any root times itself will equal the number
inside. If | /1~ canbe rewrittenas /5 7w 3, you can take that one step further and say it is

J2 x 2 x [3- And youknow that \f5 . /5 — 2.

You can generalize from this example and say that when you take the prime factorization of a number
inside a square root, any prime factor that you can pair off can effectively be brought out of the square
root. Try another example to practice applying this concept. What is the simplified formof /3507

Start by taking the prime factorization of 360:

360
@/ %
180
/ \

@ 0
/ N\

A
cRofelo

360=2%x2x2x3x3x5

Again, you are looking for primes that you can pair off and ultimately remove from the square root. In
this case, you have a pair of 2’s and a pair of 3’s, so you can separate them:

V360 2 J2X2X2X3%3X5 D J2X2X~3X3 X~J2X5

Notice that the prime factorization of 360 included three 2’s. Two 2’s could be paired off, but that
still left one 2 without a partner, therefore /7 w 5 represents the prime factors that cannot be paired

off. This expression can now be simplified to 5 » 35 /2 x 5, Whichis ¢ /1(-

You might have seen right away that 360 = 36 % 10, so J360 =36x10 =4/36 x 10 = 610
The advantage of the prime factor method istHRE{E Wt ATways work, even when you don't spot a



shortcut.

Check Your Skills
Simplify the following roots.
5. 75

6. /96

1. J441

Answers can be found on page 123.

Solving Algebraic Equations Involving
Exponential Terms

GRE exponent problems sometimes give you an equation, and ask you to solve for either an unknown
base or an unknown exponent.

Unknown Base

The key to solving algebraic expressions with an unknown base is to make use of the fact that
exponents and roots are inverses, just as multiplication and division are, and so can be used to

effectively cancel each other out. In the equation x> = 8, x is raised to the third power, so to eliminate
the exponent you can take the cube root of both sides of the equation.

Ix3=x SO W8 =T

This process also works in reverse. If you are presented with the equation you can eliminate

x =0
the square root by squaring both sides. Square root and squaring cancel each other out in the same
way that cube root and raising something to the third power cancel each other out. So to solve this

equation, you can square both sides and get ( \/? )2 = (62, which can be simplified to x = 36.

There is one additional danger. Remember that when solving an equation where a variable has been

squared, you should be on the lookout for two solutions. To solve for y in the equation y* = 100, you
need to remember that y can equal either 10 OR —10.

Unknown Base Unknown Exponent

2% =38

X" = 8 https://ie|tstep.com




Check Your Skills

Solve the following equations.

8.x°=64
9. Yx =6
10. x2 =121

Answers can be found on page 123.

Unknown Exponent

Unlike examples in the previous section, you can't make use of the relationship between exponents
and roots to help solve for the variable in the equation 2* = 8. Instead, the key is to once again
recognize that 8 is equivalent to 2, and rewrite the equation so that you have the same base on both
sides of the equal sign. If you replace 8 with its equivalent value, the equation becomes 2* = 23,

Now that you have the same base on both sides of the equation, there is only one way for the value of
the expression on the left side of the equation to equal the value of the expression on the right side of
the equation—the exponents must be equal. You can effectively ignore the bases and set the exponents
equal to each other. You now know that x = 3.

By the way, when you see the expression 2%, always call it “two TO THE xth power” or “two TO
THE x.” Never call it “two x.” “Two x” is 2x, or 2 times x, which is simply a different expression.
Don't get lazy with names; that's how you can confuse one expression for another.

The process of finding the same base on each side of the equation can be applied to more complicated
exponents as well. Take a look at the equation 3¥ ¥2 = 27. Once again, you must first rewrite one of
the bases so that the bases are the same on both sides of the equation. Because 27 is equivalent to 33,

the equation can be rewritten as 3* ¥ 2 = 33. You can now ignore the bases (because they are the same)
and set the exponents equal to each other: x + 2 = 3, which means that x = 1.

Check Your Skills
Solve for x in the following equations.
11.2*=64

12.7%¥72=49

13. 53x =125 https://ieltstep.com



Answers can be found on page 123.

https://ieltstep.com



https://ieltstep.com



Check Your Skills Answer Key

L 10: y — /20 x5 =/20x5 =100 =10

]2 g
2. 2:_};: JTD: H'_CI:\/E:__,
D) V O

3. 12:x:ﬁx\/gx\/tz [ 65l =144 =

. 384
4. S.I_\/Ex\/_ qu \/7 J64 =8
5. 543 :475 5 3x5%5 5 5x5x/3 =53

0. 46 :96 =2x2x2x2%x2x3 = 2% 2 x[2%2 x2x3 =2x2x/6 = 46

7. 21t \J44]1 - \Bx3XTXT7 = 3x3xJ7x7 =3x7=21

8.

4 x3 =G4
x3 =364
x=4

9.

216: %26
{x) = (6)
x=216

10.
11 or —11: x2 =121
Jx? =121
x=11 OR -11
11. 6: 2% = 64
2x:26
xX=6
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12.4: 77 2=49

7x—2 — 72
x—2=2
x=4

13.1: 53 =125

53x — 53
3x=3
x=1
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Problem Set

1.

Quantity A Quantity B
J30x+5 12
2.
36<x <49
Quantity A Quantity B
3.
Quantity A Quantity B
J6x18 J8x+/12

Vo G
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Solutions

1. (A): One of the root rules is that when two individual roots are multiplied together, you can carry
out that multiplication under a single root sign:

V30 x /5 =4/30x5 = /150
While this can be simplified (Jﬁ = -\/l‘ﬁTG = 5,/6) you're actually better off leaving it as is:
Quantity A Quantity B
J30 x4/5 =4/150 12

Now square both quantities:

Quantity A Quantity B
(4/150)2 =150 (12)2 = 144

Therefore, Quantity A is greater.

2. (A): The common information tells you that x is between 36 and 49, which means the square root
of x must be between 6 and 7. Rewrite Quantity A:

36 <x<49
Quantity A Quantity B
26 < 2% < 27 43

Now rewrite Quantity B so that it has a base of 2 instead of a base of 4:

36 <x<49
Quantity A Quantity B
26«2 <27 43 = (22)% =26

The value in Quantity A must be greater than 2°, and so must be greater than the value in Quantity B.
Therefore, Quantity A is greater.
https://ieltstep.com



3. (B): Simplify both quantities by combining the roots into one root.

Quantity A Quantity B
6X18 8x12
-, 6

Now simplify the fractions underneath each root.

Quantity A Quantity B

6x182 8x122 .
=+/12 =4/16
= =

Because _[] 1s larger than /17, Quantity B is greater.
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Properties of Evenly Spaced Sequences

Counting Integers: Add I Before You Are Done
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Consecutive Integers

Consecutive integers are integers that follow one after another from a given starting point, without
skipping any integers. For example, 4, 5, 6, and 7 are consecutive integers, but 4, 6, 7, and 9 are not.
There are many other types of related consecutive patterns. For example:

Consecutive Even Integers: 8, 10, 12, 14 (8, Consecutive Primes: 11, 13,17, 19 (11, 13, 15,
10, 14, and 16 is incorrect, as it skips 12) and 17 is wrong, as 15 is not prime)

Evenly Spaced Sequences

To understand consecutive integers, first consider evenly spaced sequences. These are sequences of
numbers whose values go up or down by the same amount (the increment) from one item in the
sequence to the next. For instance, the sequence {4, 7, 10, 13, 16} is evenly spaced because each
value increases by 3 over the previous value.

Consecutive multiples are special cases of evenly spaced sequences: all of the values in the
sequence are multiples of the increment. For example, {12, 16, 20, 24} is a sequence of consecutive
multiples because the values increase from one to the next by 4, and each element is a multiple of 4.
Note that sequences of consecutive multiples must be composed of integers.

Consecutive integers are special cases of consecutive multiples: all of the values in the sequence
increase by 1, and all integers are multiples of 1. For example, {12, 13, 14, 15, 16} is a sequence of
consecutive integers because the values increase from one to the next by 1, and each element is an
integer.

The relations among evenly spaced sequences, consecutive multiples, and consecutive integers are
displayed in the following diagram.

e All sequences of consecutive integers are sequences of consecutive multiples.

e All sequences of consecutive multiples are evenly spaced sequences.

e All evenly spaced sequences are fully defined if the following three parameters are known:
1. The smallest (first) or largest (last) number in the sequence
2. The increment (always 1 for consecutive integers)

3. The number of items in the sequence
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Evenly

Consecutive

Spaced Multiples: Consecutive
SOqACIEES: Multiples of Integers:
Constant Increment of 1

the Increment
[ncrements Example:
5. 1.5, 6, 7]

Example:

6. 9120 5]
(Multiples of 3)

Example:
{2,5, 8, 11, 14}

(Increment is 3)

Check Your Skills

1. Which of the following are evenly spaced sequences?

N1.42,43,44,45

x,x—4,x—8,x—12,x—16

a
b
¢ /4,/9,16,+/25,4/36
d. 51,52, 53 54 5°
e. v, 2y, 3y, 4y, S5y

Answers can be found on page 135.

Properties of Evenly Spaced Sequences

The following three properties apply to a/l evenly spaced sequences. However, just because a
sequence has these properties does not necessarily mean that the sequence is evenly spaced.

1. The arithmetic mean (average) and median are equal to each other. In other words, the average of
the elements 1n the set can be found by figurimgoutithepmedian, or “middle number.”



What is the arithmetic mean of 4, 8, 12, 16, and 20?

In this example there are five consecutive multiples of 4. The median is the third largest, or 12.
Since this is an evenly spaced set, the arithmetic mean (average) is also 12.

What 1s the arithmetic mean of 4, 8, 12, 16, 20, and 24?

In this example there are six consecutive multiples of 4. The median is the arithmetic mean
(average) of the third largest and fourth largest, or the average of 12 and 16. Thus, the median
is 14. Since this 1s an evenly spaced sequence, the average is also 14.

2. The mean and median of a sequence are equal to the average of the first and last terms.
What is the arithmetic mean of 4, 8, 12, 16, and 20?

In this example, 20 is the largest (last) number and 4 is the smallest (first). The arithmetic mean
and median are therefore equal to (20 +4) + 2 whichis 12.

What is the arithmetic mean of 4, 8, 12, 16, 20, and 24?

In this example, 24 is the largest (last) number and 4 is the smallest (first). The arithmetic mean
and median are therefore equal to (24 +4) + 2 which is 14.

Thus, for all evenly spaced sequences, just remember: the average equals (First + Last) + 2.

3. The sum of the elements in the sequence equals the arithmetic mean (average) times the
number of items in the sequence.

This property applies to all sequences, but it takes on special significance in the case of evenly
spaced sequences because the “average” is not only the arithmetic mean, but also the median.

What is the sumof 4, 8, 12, 16, and 20?

You have already calculated the average above; it is equal to 12. There are 5 terms, so the sum
equals 12 x 5 which is 60.

What is the sum of 4, 8, 12, 16, 20, and 24?

You have already calculated the average above; it is equal to 14. There are six terms, so the sum
equals 14 x 6 which is 84.

Check Your Skills

2. What is the sum of the numbers 13, 14, 15, and 16?
3. If x = 3, what is the sum of 2x, (2x + 1), (2x +2), (2x + 3), and (2x +4)?

Answers cdWBE fHIRFSh page 135.



Counting Integers: Add 1 Before You Are Done

How many integers are there from 6 to 10? Four, right? Wrong! There are actually five integers from
6 to 10. Count them and you will see: 6, 7, 8, 9, 10. It is easy to forget that you have to include
extremes. In this case, both extremes (the numbers 6 and 10) must be counted.

Do you have to methodically count each term in a long consecutive pattern? No. Just remember that if
both extremes should be counted, you need to take the difference of the last and first numbers and add
1 before you are done.

How many integers are there from 14 to 765, inclusive?

Just remember: for consecutive integers, the formula is (Last — First + 1). Thus: 765 — 14, plus 1,
yields 752.

This works easily enough if you are dealing with consecutive integers. Sometimes, however, the
question will ask about consecutive multiples. For example, “How many multiples of 4...” or “How
many even numbers...” are examples of sequences of consecutive multiples.

In this case, if you just subtract the largest number from the smallest and add 1, you will be
overcounting. For example, “All of the even integers between 12 and 24” yields 12, 14, 16, 18, 20,
22, and 24. That is seven even integers. However, (Last — First + 1) would yield (24 — 12+ 1) =13,
which is too large. How do you amend this? Since the items in the list are going up by increments of 2
(counting only the even numbers), you need to divide (Last — First) by 2. Then, add the 1 before you
are done:

(Last — First) ~ Increment + 1 = (24 - 12) =2+ 1=6+1=7

Just remember: for consecutive multiples, the formula is (Last — First) + Increment + 1. The bigger
the increment, the smaller the result, because there is a larger gap between the numbers you are
counting.

Sometimes, however, it is easier to list the terms of a consecutive pattern and count them, especially
if the list is short or if one or both of the extremes are omitted.

How many multiples of 7 are there between 100 and 1507

Note that the first and last items in the sequences are omitted—they must be determined by you. Here
it may be easiest to list the multiples: 105, 112, 119, 126, 133, 140, 147. Count the number of terms to
get the answer: 7. Alternatively, you could note that 105 is the first number, 147 is the last number,
and 7 1s the increment, thus:

Number of terms = (Last — First) + Increment+ 1 = (147 —-105)+-7+1=6+1=7

Check Your Skills https://ieltstep.com



4. How many integers are there from 1,002 to 10,001?

5. How many multiples of 11 are there between 55 and 144, exclusive?

Answers can be found on page 1335.

Check Your Skills Answer Key

1.

(a) Not evenly spaced: Even though the number inside the square root is going up by the same
interval every time, the actual value is not. For example, \/I =1 and \/E ~1.4. That's a

difference of 0.4. But /5 = 1.7 and = 2. That's a difference of 0.3. Because the interval is
N i

changing, this is not an evenly spaced sequence.

(b) Evenly spaced: No matter what x is, this sequence will end up being evenly spaced. For
example, if x were 3, x —4 would equal —1, which is a difference of 4. Then x — 8 would equal
—5 and x — 12 would equal —9, which is also a difference of 4. The interval is unchanged, so
this 1s an evenly spaced sequence.

(c) Evenly spaced: This is the opposite of example (a). In this case, the terms inside the square
root signs are not creating an evenly spaced sequence, but the actual values are. For the terms
\E =2 and \@ =3, there's a difference of 1. For m =4 and \l{g =5, there's also a

difference of 1. The interval is unchanged, so this is an evenly spaced sequence (and a sequence
of consecutive integers at that).

(d) Not evenly spaced: In this question, 5! = 5 and 5% = 25. That's a difference of 20. But 5° =
125, which is 100 larger than the previous term. Again, the interval is changing, so this is not an
evenly spaced sequence.

(e) Evenly spaced: No matter what y is, this will be an evenly spaced sequence. For example, if y
=5, then 2y = 10, which is a difference of 5. Then 3y = 15 and 4y = 20, which is also a
difference of 5. Evenify is set equal to 0 or 1, the result would still be considered evenly
spaced (the difference between every term would be the same, namely O or 1).

2. 58: While you could easily add these up, try using the propertles of evenly spaced sequences The
first term + last term 14.5. You

2

average/median is going to be
2 2
now have to multiply this by the number of terms: 4 x 14.5 = 58.

3. 40: While you could plug 3 in for x everywhere, why waste the time? As soon as you notice that
this 1s an evenly spaced sequence, you know the middle term is the average, and all you need to do is
multiply by the number of terms in the sequence: 2x +2 = 8 and 8 x 5 = 40.

4.9,000: 10,001 — 1,002 + 1 =9,000.

5. 8: Remember that the words “inclusive” and “exclusive” tell you whether or not to include the
extremes. In this case, you won't be includingttgi:t})lgﬁsgg O, 144 (though 144 isn't actually a multiple of



11, so doesn't end up mattering). You can solve either through counting or the equation:
Counting: 66, 77, 88,99, 110, 121, 132, 143 = § terms

Equation: 143 — 66 =77, E =7,7+1=_8 terms

11
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Problem Set

Solve these problems using the rules for consecutive integers.

1. How many primes are there from 10 to 41, inclusive?

2. Will the average of 6 consecutive integers be an integer?

3. If the sum of a sequence of 10 consecutive integers is 195, what is the average of the sequence?
4. How many terms are there in the sequence of consecutive integers from — 18 to 33, inclusive?

5. Set A is comprised of all the even numbers between 0 and 20, inclusive.

Quantity A Quantity B

The sum of all the numbers in

Set A 150
6.
Quantity A Quantity B
The number of multiples of 7 The number of multiples of 9
between 50 and 100, inclusive between 30 and 90, inclusive

7. Set A 1s comprised of the following terms: (3x), (3x —4), (3x —8), (3x — 12), (3x — 16), and (3x
—20).

Quantity A Quantity B

The sum of all the terms in Set A 18— 70
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Solutions

1. 9: The primes from 10 to 41, inclusive, are: 11, 13, 17, 19, 23, 29, 31, 37, and 41. Note that the
primes are NOT evenly spaced, so you have to list them and count them manually.

2. No: For any sequence of consecutive integers with an even number of items, the average is
NEVER an integer. For example, if you pick 4, 5, 6, 7, 8, and 9:

4+5+6+7+8+9 39

6 6

The average is always equal to the average of the two middle terms (i.e., exactly in between two
consecutive integers).

3.19.5: Average = &i In this problem, you have 19> =19.5 as the average.
. 10 _

# of terms

4.52: 33 —(—18) =51. Then add 1 before you are done: 51 + 1 = 52.

5. (B): There are two ways to do this question. First, try to estimate the sum. Notice that there will be
11 terms in Set A, and one of them is 0. Even if every term in the set were 20, the sum would only be
220 (11 x 20 =220). But half of the terms are less than 10. It is unlikely that Quantity A will be
bigger than 150.

To do it mathematically, use the equation for the sum of an evenly spaced sequence. You can find the
median by adding up the first and last terms and dividing by 2:

0420
=

10

You can then find the number of terms by subtracting the first term from the last term, dividing by the

interval (in this case, 2) and adding 1: 20=0 =10,and 10 + 1 =11 terms.
2

Finally, the sum of the terms will be the average value of the terms (10) times the number of terms
(11): 10 x 11 =110.

Set A is comprised of all the even numbers between 0 and 20, inclusive.

Quantity A Quantity A

The sum of all the numbers in 150
Set A=110 https://ieltstep.com



Therefore, Quantity B is greater.

6. (C): Both quantities can be solved straightforwardly with the equations. The first multiple of 7

between 50 and 100 is 56, and the last is 98. Thus: 98 — 56 =42; 42 _ 6;and6+1=7.
7

Another way to think about it is that 56 is the 8" multiple of 7, and 98 is the 14" multiple of 7. Now
use the counting principle:

14-8=6+1=7
There are 7 multiples of 7 between 50 and 100.

Similarly, the first multiple of 9 between 30 and 90 1s 36, and the last is 90: 90 — 36 = 54; 54 _ 6,

9

and6+1=7.
Now note that 36 is the 4™ multiple of 9, and 90 is the 10! multiple of 9:
10-4=6+1=7

There are 7 multiples of 9 between 30 and 90.

Quantity A Quantity B

The number of multiples of 7
between 50 and 100, inclusive =
7

The number of multiples of 9
between 30 and 90, inclusive =7

Therefore, the two quantities are equal.

7. (A): The key here is to notice that Set A is an evenly spaced sequence, and thus you can easily
first term + last term

2
(3x)+ (3x —20) _ 6x—20
7 ,

solve for its sum. The median will be equal to

=3x—10

Although there is a formula to figure out how many terms there are, it is easiest in this case to count.
There are 6 terms in the set.

The sum of the terms in the set is the average value of the terms (3x — 10) times the number of terms

(6).
(3x — 10) x 6 = 18x — 60

https://ieltstep.com



Rewrite the quantities:
Set A is comprised of the following terms: (3x), (3x —4), (3x —8), (3x — 12), (3x — 16), and
(3x —20)

Quantity A Quantity B
18x — 60 18x —70

Be careful. Quantity A is subtracting a smaller number (60) than is Quantity B (70), and so has a
larger value. Therefore, Quantity A is greater.
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Number Lines

Number lines can appear in a variety of different forms on the GRE. They also provide varying
amounts of information.

The most structured version of a number line will contain evenly spaced tick marks. These provide
the most detail about the position of points on a number line and about the distance between points.
For example:

-2 5 L | X

These number lines will almost always contain numbers, and will often contain variables as well.
Also note that the distance between tick marks can be an integer amount (like in the number line
pictured above) or a fractional amount (like in the number line pictured below):

] | ]
| I |
_3,-")—1_1;"2 0 1,."2 1 3,-"2

Not all number lines will provide this level of detail. Many number lines will only display a handful
of points that are not evenly spaced, like this one:

r U k)

These number lines are likely to contain fewer actual numbers, and will always contain at least one
variable. On these number lines, it is more likely that you won't have specific information about the
distance between two points.

Additionally, questions that talk about line segments or points that all lie on a line can be thought of as
number lines. For example, a question might state that point X is the midpoint of line segment S7. This
is the picture you would draw:

) X I

These number lines will rarely contain any real numbers. Often, the only points on the line will be
designated by variables. Questions that require this type of number line may or may not provide
information about the specific distance between points, although they may provide proportional
information. For instance, in the number line above, although you don't know the length of line
segment S7, you do know that S7'is twice amtpngiaswsggments SX and X7 (because X 1s the midpoint



of ST).

Relative Position & Relative Distance

Questions that involve number lines overwhelmingly ask for information about the position of a point
or points or the distance between two points.

Position

On any number line you will see, numbers get bigger as they move from left to right. For example:

2 2
A B

B is greater than A. B 1s more positive than 4 (if both positive).

A 1s less than B. A 1s more negative than B (if both negative).

The above statements are true regardless of where 0 is shown on the number line. Points 4 and B
could both be positive or both be negative, or 4 could be negative and B could be positive.

Number lines on the GRE follow rules similar to the rules for geometric shapes. If there is more than
one point on a number line, you KNOW the Relative Position of each point.

@ & - A<B<(C
A B C

While you do know the relative position of each point, you do NOT know the Relative Distance
between points (unless that information is specifically provided).

On the number line above, B could be closer to 4 than to C, closer to C than to A4, or equidistant
between 4 and C. Without more information, there is no way to know.

The rules are similar if a number line contains both numbers and variables. For example:

5 > - A <0,Ais nhegative
A 0 C C>0,Cis positive
@ ® - 1 < Ll

1 D 2

Point D looks like it is halfway between 1 and 2, but that does not mean that it is 1.5. Point D could
be 1.5, but it could also be 1.000001, or 1.99999 or, in fact, any number between 1 and 2.
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Check Your Skills

Refer to the following number line for questions 1-3.

0 t

Which of the following MUST be true?

l. v>s+t¢
2. vts>t+r
3. rs>v
Answers can be found on page 149.
Distance

If you know the specific location of two points on a number line, the distance between them is the
absolute value of their difference. For example:

_'3 * ; Distance = |8 — (-3)| =|(-3) — 8| =11

If a number line contains tick marks and specifically tells you they are evenly spaced, it may be
necessary to calculate the distance between tick marks.

On an evenly spaced number line, tick marks represent specific values, and the intervals between tick
marks represent the distance between tick marks.

For any specific range, there will always be one more tick mark than interval, such as below:

4 tick marks
P i T e

] ]
1 | | | |
2 5
b S
3 intervals

On the number line above, there are 4 tick marks between 2 and 5 (inclusive). There is one fewer
interval than tick marks. There are only 3 intervals between 2 and 5. Now calculate the length of the
intervals on this number line. To calculate the distance between any two tick marks (which is the
same as the length of the intervals), subtract the lower bound from the upper bound and divide the
difference by the number of intervals.

In the number line above, the lower bound is 2, the upper bound is 5, and there are 3 intervals
between 2 and 5. Use these numbers to calcylafe thgdistance between tick marks on the number line:



upper —lower  5-2 ]

# of intervals 3
That means that each tick mark in the number line above is 1 unit away from each of the two tick

marks to which it is adjacent.

Not every number line will have interval lengths with integer values. Note that this method is equally
effective if the intervals are fractional amounts. What is the distance between adjacent tick marks on
the following number line?

—3/5 /5
Now the range contains 6 tick marks and 5 intervals.

6 tick marks

“}f:; = /f
5 intervals

i T4
upper —lower /5 _(_ ‘3) _ 10-’;. 10 2
#of intervals 5 5 25 5
Thus, the distance between tick marks is %:
o)
1 ] ] | ] | ] [
] ] | ] | ] |

Check Your Skills

|
| |
—=13/4 1/ X
4. On the number line above, what 1s the value of point x?

The answer can be found on page 149.

Line Segments

Some questions on the GRE will describe ei}gggsr/ﬁgtg%%rpoints that all lie on a line or line segments



that also lie on the same line. In order to answer these questions correctly, you will need to use the
information in the question to construct a number line. Ultimately, position and distance will be of
prime importance.

Position

In order to correctly draw number lines, you need to remember one thing. If a question mentions a line
segment, there are two possible versions of that segment. Suppose a question tells you that the length
of line segment BD is 4. These are the two possible versions of BD:

& 2 & 9

B D D B

This can be taken even further. Suppose there are three points on a line: 4, B, and C. Without more
information, you don't know the order of the three points. Below are some of the possible
arrangements:

A B G A G B B A C

When questions provide incomplete information about the relative position of points, make sure that
you account for the lack of information by drawing multiple number lines.

Distance

Distance on this type of number line can potentially be made more difficult by a lack of complete
information about the positions of points on the line.

Suppose that 4, B, and C all lie on a number line. Further suppose that AB = 3 and BC = 7. Because
AB is shorter than BC, there are two possible positions for point 4: in between B and C, or on one
side of B, with C on the other side, as shown below:

7 7
3 4 3 7 7 3 4 3
L L ] w - . L s L k L &
B A C A B & & B A C A B

Constructing number lines can be made more difficult by many pieces of information in the question.
To construct number lines efficiently and accurately, while remembering to keep track of different
possible scenarios, always start with the most restrictive pieces of information first.

On a line, E is the midpoint of DF, and DE has a length of 6. Point G does not lie on the line
and £G = 4. What is the range of possible values of FG?

The best way to start this problem s to draw DF, with E in the middle. There are two possible
versions. Also note that DE = 6: hitps:/fieltstep.com



D E F F E D
Also, because E is the midpoint of DF, you know that EF also has a length of 6:

6 6 6 6
& i & L & &

D it B B it D

Now you need to deal with point G. Although you do not know the precise position of G, you know it
is a fixed distance from E. The set of all points that are equidistant from a fixed point is actually a
circle—in other words, to represent the possible positions of G, draw a circle around point £ with a
radius of 4.

As 1t turns out, both number lines behave the exact same way, so there is no need to continue to look
at both.

On this diagram, you can see that G would be closest to " when it is on the line between £ and F.
That point is 2 away from F. Similarly, G is farthest away from F when it is on the line between D
and £. That point is 10 away from F.

If G could be on the line, the range of possible values of FG would be 2 < FG < 10. Because it can't
be on the line, the range is instead 2 < F'G < 10.

Check Your Skills

5.X, Y, and Z all lie on a number lineﬁegment)?Y has a length of 5 and YZ has a length of 7. If
point U is the midpoint of XZ, and UZ > 2, what is the length of UZ?

The answer can be found on page 149.

Check Your Skills Answer Key

1. Must Be True. Because v is already greater than ¢, adding a negative number to ¢ will only make it
smaller.

2. Must Be True. One way to prove this staténfitigeaboarays true is to add inequalities. You know



that v > ¢, and that s > r. Thus:
v>1

+5>7
vt+s>t4r

3. Not Always True. Point v could be any positive number, and  and s could be any negative number.
Ifr=-3,s=-2,and v=4, thenrs > v.

If, however, r=—2,s =—1/2,and v=3, v > rs.

4. i To find x, you need to figure out how far apart tick marks are. You can use the two given points

13

|:__

: l} to do so. There are five intervals between the two points. Thus:

4 2
/_(213/) 15/
40 /4] /4 15 3
3 5 20 4
. . .3 .. A 5
If the distance between tick marks is —, thenx 1s: — 4+ — = —.
4 2 4 4

5. 6: Start with the points X, Y, and Z. There are two possible arrangements:

5 7 5 2

& & - & & &
X Y 7 Yy X Z

Now place U on each number line:

5 1 6 5 11
& D B —_Gr—_
X YU il Y XUZ

On one number line, UZ = 1, but the question stated that UZ > 2, so UZ must equal 6.
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Problem Set

For problems #1-6, refer to the number line below. Decide whether each statement Must Be True,
Could Be True, or will Never Be True.

*—|—o oo
p-1 qg O0r t 1 s
l.s+g>0
2.pg>t
3.p?> st
4.5s—p>r—q
S.t—q=2

6.rs>1

| | |
| | |
3y z 41

4 8

7. If the tick marks on the number line above are evenly spaced, what is the distance between Y
and Z?

8. Point 4, B, and C all lie on a line. Point D is the midpoint of AB and F is the midpoint of BC;
AB =4 and BC = 10. Which of the following could be the length of AE?

AL ®2 O3 D4 (BE)S

9.
A O B
Quantity A Quantity B
(A)(B) -1
< & o
q S r
10.

s is the midpoint of gr
r=-2q

https://ieltstep.com



Quantity A Quantity B
s 0

11. 4, B, C, and D all lie on a number line. C is the midpoint of 4B and D is the midpoint of AC.

Quantity A Quantity B
The ratio of AD to CB The ratio of AC to AB

https://ieltstep.com
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Solutions

1. Must Be True: Although you don't have specific values for either s or g, you know that s is greater
than 1, and you know that g is between 0 and —1. Even if s was as small as it could be (= 1.00001)
and g was as negative as it could be (= —0.99999), the sum would still be positive.

2. Could Be True: If r must be positive, then the product pg will also be positive. You know that ¢
must be between 0 and 1, but the product pg could be either less than 1 or greater than 1, depending
on the numbers chosen. If 1 = 0.9, ¢ =—0.1, and p = —2, then ¢ > pg. However, ift = 0.5, ¢ =—0.9, and

p=-5pqg>t.

3. Could Be True: Both p? and s* will be positive, but depending on the numbers chosen for p and s,
either value could be larger. If p =—2 and s = 3, then s* > p?. If p = —8 and s = 2, then s* < p*.

4. Must Be True: You know s is greater than 1 and p is less than —1. The smallest that the difference
can be is greater than 2.

You know » must be between 0 and 1 and ¢ must be between 0 and —1. The greatest the difference can
be is less than 2. Thus, s — p will always be greater than » — g.

5. Never Be True: Even ift is as large as it can be and ¢ is as small as it can be, the difference will
still have to be less than 2. If 1 = 0.999999 and g = —0.999999, then ¢t — g = 1.999998.

6. Could Be True: If r=0.1 and s =2, thenrs <1.If r=0.5 and s = 3, then rs > 1.

7. 2.5: To figure out the distance between Y and Z, you first need to figure out the distance between

5 y
tick marks. You can use the two points on the number line (i and 4_1) to find the distance. There

A
-
are 7 intervals between the two points, as shown below:

M
41
7 intervals o
8

o

You actually do not need to know the positions of Y and Z to find the distance between them. You
i
know that there are 4 intervals between Y aqg[t%, /ﬁgt;[E% distance is: 4 x 2 = 2 =2.5.
) . % & ;



8. (A): The trick to this problem is recognizing that there is more than one possible arrangement for
the points on the number line. Because BC is longer than AB, 4 could be either in between B and C or
on one side of B with C on the other side of B, as shown below:

iy & e =it = TR
A B [ B A C

Using the information about the midpoints (D and E) and the lengths of the line segments, you can fill
in all the information for the two number lines:

2 2 3 5 2 21 3
R & i e g

A D B B 5 B D AE C

You can see that AE has two possible lengths: 1 and 9, however 1 is the only option that is an answer
choice.

9. (D): With only one actual number displayed on the number line, you have no way of knowing the

distance between tick marks. If the tick marks are a small fractional distance away from each other,

then AB will be greater than —1. For instance, if the distance between tick marks is l, then 4 1s — l_, B

3 -
1S l and AB is _l, which is greater than —1. If the distance between tick marks is 1, then 4 is =2, B is
z 8
4, and 4B 1s —8, which is less than —1.

Therefore, the relationship cannot be determined from the information given.

10. (A): The easiest approach is to pick numbers. Point ¢ must be a negative number and » must be
positive. If g =—1, then r = 2:

—1 2
o 2 A
q §

If s 1s the midpoint of g and 7, then s must be 0.5. Therefore, s > 0.
For any numbers you pick, s will be positive. Therefore, Quantity A is greater.

11. (C):

A D & B

Visualizing the number line above, the ratio of 4D to CB is l Similarly, the ratio of AC to 4B is l
5 5

‘s i

Therefore, the two quantities are equal.
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Chapter Review: Drill Sets

Drill Set 1

. Is 4,005 divisible by 5?
Does 51 have any factors besides 1 and itself?

3. x=20
The prime factors of x are:

N

The factors of x are:
4. Is 123 divisible by 3?
5. Does 23 have any factors besides 1 and itself?

6. x=100
The prime factors of x are:
The factors of x are:

7. 1s 285,284,901 divisible by 10?
8. Is 539,105 prime?

9. x=42
The prime factors of x are:
The factors of x are:

10. Is 9,108 divisible by 9 and/or by 2?
11. Is 937,184 prime?

12. x =139
The prime factors of x are:
The factors of x are:

13. Is 43,360 divisible by 5 and/or by 3?
14. Is 81,063 prime?

15.x=37
The prime factors of x are:
The factors of x are:

16. Determine which of the following numbers are prime numbers. Remember, you only need to
find one factor other than the number itself and 1 to prove that the number is not prime.
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2 3 5 6

7 9 10 15
17 21 27 29
31 33 258 303
655 /86 1,023 1,325

Drill Set 2

1. Ifxis divisible by 33, what other numbers is x divisible by?

2. The prime factorization of a number is 3 x 3 x 7. What 1s the number and what are all its factors?
3. Ifxis divisible by 8 and by 3, is x also divisible by 12?

4. If40 1s a factor of x, what other numbers are factors of x?

5. The only prime factors of a number are 5 and 17. What is the number and what are all of its

factors?

a

5 and 6 are factors of n. Is n divisible by 15?

7. 1f 64 divides n, what other divisors does »n have?

o0

. The prime factorization of a number is 2 x 2 x 3 x 11. What 1s the number and what are all its
factors?

9. 14 and 3 divide n. Is 12 a factor of n?

10. If x 1s divisible by 4 and by 15, is x a multiple of 18?
11. 91 and 2 go into n. Does 26 divide n?

12. n 1s divisible by 5 and 12. Is n divisible by 24?

13. If n is a multiple of both 21 and 10, is 30 a divisor of n?
14. 4,21, and 55 are factors of n. Does 154 divide n?

15. If n 1s divisible by 196 and by 15, 1s 210 a factor of n?

Drill Set 3

Simplify the following expressions by combining the terms.
1. x> xx3

2. 70%x 7

3. 32x 33

4. 9%2x 94
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5 2
53
3
6. 2
55
7. 472x 43
a
g (=3)
(—3)°
4
g 11
11
10. 7° x 53

Combine the following expressions.

11, x%2 x x3 x x°
12.3%x32x3
13.3% x y73

5 1)
14, e

X2
(& 4
1. he x5
54
16.)/7 XyS Xy—6

4
17. X
X_3

18.6%2x 67 x 6%
5 —3
19. KL
z—B
2 bx
0. 32% % 3
3-3%

2

Simplify the following expressions by combining the terms.

21. (a%)?
22. (2%)*
23. (3373

24. (52)x https://ieltstep.com



25. ()7

Combine the following expressions.

26. (xH)0 x x3

27.y3 % (y3)—4
28. Eds
34
29. (25)* x z*
30, ZRBHL
(57)?

Rewrite each negative exponent as a positive exponent.

31.x72
32.47%
33.y 4
34.67

35. x> x x7?

Drill Set 4

Combine the following expressions and solve for x.

L x=v3xy27
2. x=+2x4/18

2

o
o
]

) ~
> >
Il Il
s
X
Y
[(Wa]

SHEE
ry
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SR CZEE]
V2
V640
V2x+/5
10,y Y3012

J10

Simplify the following roots.

11.\/5
12.\/2_4
13. f180
14-J4s0
15- {490
16- {135
17. /224
18- /343
19- {208

20. /432
Drill Set 5

Simplify the following expressions.

1. 8 x26

34 x93
492 x 77
43 x 85

113 x 121%
254 x 1253
972 x 272

® N vk w D
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9. 7% x 4973
10. 4°* x 327
11.x3=27
12. > =81
13.2x3 =128
14. 22+ 18 = 54
15. 3x> =96

Solve the following equations.

16. 3 =81
17.6"3 =36
18. 7% 11 =7
19. 574=25%
20. 4>=16>"8

Drill Set Answers

Drill Set 1:
1. Is 4,005 divisible by 5?

Yes: 4,005 ends in 5, so it is divisible by 5.
2. Does 51 have any factors besides 1 and itself?

Yes: The digits of 51 add up to a multiple of 3 (5 + 1 =16), so 3 is a factor of 51. Thus, 51 has
factors besides 1 and itself.

3. x=20

The prime factors of x are:

https://ieltstep.com



The factors of x are:

Small Large
1 20
2 10
4 5

4. Is 123 divisible by 3?
Yes: The digits of 123 add up to a multiple of 3 (1 +2 + 3 =6), so 123 is divisible by 3.

5. Does 23 have any factors besides 1 and itself?

No: 23 is a prime number. It has no factors besides 1 and itself.

6. x=100

The prime factors of x are:

The factors of x are:

Small Large
1 100

2 50
4 25
5 20 https://ieltstep.com
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7. Is 285,284,901 divisible by 10?
No: 285,284,901 ends ina 1, not a 0, so it is not divisible by 10.
8. 15 539,105 prime?

No: 539,105 ends ina 5, so 5 1s a factor 0f 539,105. So are 1 and 539,105. Prime numbers have
only two factors, so 539,105 is not prime.

9. x=42
The prime factors of x are:

42

| —

®H‘M I:u/'/

The factors of x are:

Small Large
1 42
2 21
3 14
6 7

10. Is 9,108 divisible by 9 and/or by 2?

Yes and Yes: The digits 0of 9,108 add up to a multiple of 9 (9 +1 + 0 + 8 = 18), so it is divisible
by 9. 9,108 ends in &, so it is even, which means it is divisible by 2.

11. Is 937,184 prime?

No: 937,184 ends in 4, which means it's even. Therefore, it's divisible by 2. It's also divisible
by 1 and by 937,184. Prime numbers have only two factors, so 937,184 1s not prime.

12.x =139

The prime factors of x are:
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The factors of x are:

Small Large
1 39
3 13

13. Is 43,360 divisible by 5 and/or by 3?

Yes and No: Because 43,360 ends in 0, it is divisible by 5. The digits 0of 43,360 do not add up to
a multiple of 3 (4 +3 +3+6+0=16), so it is not divisible by 3.

14. Is 81,063 prime?

No: The digits of 81,063 add up to a multiple of 3 (8§ +1+0+6 +3 =18), so 3 is a factor of

81,063, however, 1 and 81,063 are also factors of 81,063. Prime numbers have only two
factors, so 81,063 is not prime.

15.x=37
The prime factor of x is 37.

The factors of x are (remember that 1 is not a prime number!):

Small Large
1 37

16. The numbers in bold below are prime numbers:

2 3 5 6
7 9 10 15
Ly 21 27 29

1 a9 258 303
655 786 1823 1325

Prime numbers: 2, 3,5, 7,17, 29, 31
Not prime:
All of the even numbers other than 2 (6, 10, 258, 786), since they are divisible by 2.

All of the multiples of 5 that haven't alneadyibeesn tathed out (15, 655, 1325).



All of the remaining numbers whose digits add up to a multiple of 3, since they are divisible
by 3, by definition: 9 (digits add to 9), 21 (digits add to 3), 27 (digits add to 9), 33 (digits add
to 6), 303 (digits add to 6), 1,023 (digits add to 6). Again, all six numbers are divisible by 3.

Drill Set 2:

1. If x 1s divisible by 33, what other numbers is x divisible by?

If x is divisible by 33, then x 1s also divisible by everything 33 is divisible by. The factors of 33
are:

Small Large
1 33
3 11

So x is also divisible by 1, 3, and 11.

2. The prime factorization of a number is 3 x 3 x 7. What is the number and what are all its

factors?

3 x 3 x 7= 63, which means the number 1s 63.

Small Large
1 63
3 21
7 9

3. If x is divisible by 8 and by 3, is x also divisible by 12?

7N 7% )
? 8§ AND : @ —_— //‘\\

/\ ;,
6 ofololo}
ofe

Yes: For x to be divisible by 12, it must contain the same prime factors as 12, which are 2 x 2 x
3. Therefore, 12 contains two 2’s and a 3. x also contains two 2’s and a 3, therefore x is divisible
by 12.

4. 1f 40 1s a factor of x, what other numbers are factors of x?
https://ieltstep.com



If 40 is a factor of x, then any factor of 40 is also a factor of x.

Small Large
1 40
2 20
4 10
5 8

5. The only prime factors of a number are 5 and 17. What is the number and what are all its

factors?

If 5 and 17 are the only prime factors of the number, then the number equals 5 x 17, which means

the number is 85.

Small Large
1 85
5 17

6. 5 and 6 are factors of n. Is n divisible by 15?
x x
/\ / N\ x
> (5 AND : 6 —> I\
/N 000:
@06

Yes: For n to be divisible by 15, you need to know that it contains the same prime factors as 15.
15 =3 x 5. Therefore, 15 contains a 3 and a 5. Because » also contains a 3 and a 5, n is divisible

by 15.
7. If 64 divides n, what other divisors does » have?

If 64 divides n, then any divisors of 64 will also be divisors of x.

Small Large
1 64
2 32
4 16
8 8

8. The prime factorization of a number is 2 x 2 x 3 x 11. What is the number and what are all its
https://ieltstep.com
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2x2x3x11=132

Small Large
1 132
2 66
3 44
4 33
6 22
11 12

9. 14 and 3 divide n. Is 12 a factor of n?

/N /"N ,,..,
? 14 AND 2 3 > //\\

/\ ;
® 0 @O0 :

Cannot Tell: For 12 to be a factor of n, » must contain all the same prime factors as 12. 12 =2
x 2 x 3,50 12 contains two 2’s and a 3. Although »n also contains a 3, it only contains one 2 that
you know of, so you don't know whether 12 is a factor of n.

10. If x 1s divisible by 4 and by 15, is x a multiple of 18?
X X
/ \ / N\ x
2 4 AND ? 15 —» AIN\

/\ /\ ;
o360 36 ©OOOX

Cannot Tell: For x to be a multiple of 18, x would have to be divisible by 18. For x to be
divisible by 18, it has to contain all the same prime factors as 18: 18 =2 x2 x3 x 3 so 18
contains two 2’s and two 3’s. Although x contains two 2’s, it only contains one 3 that you know
of, so you don't know whether x is a multiple of 18.

11. 91 and 2 go into n. Does 26 divide n?

https://ieltstep.com



/n\ /n\ )
? 91 AND ? (3) —» //\\

/\ ;
0 @O0 :

Yes: For 26 to divide n, n has to contain all the same prime factors as 26: 26 =2 x 13, so0 26
contains a 2 and a 13. Because » also contains a 2 and a 13, 26 divides n.

12. n 1s divisible by 5 and 12. Is n divisible by 24?
n n
N 7 N "
> (3 AND ¢ 12— AN\

4% ©Q000:
/\
eJo

Cannot Tell: For n to be divisible by 24, it has to contain all the same prime factors as 24: 24 =
2 x2 %2 x 3, s0 24 contains three 2’s and a 3. Although » contains a 3, it only contains two 2’s
that you know of, so you don't know whether # is divisible by 24.

13. If n is a multiple of both 21 and 10, is 30 a divisor of n?

/n\ /u\ )
? 71 AND ¢ 1p —» 27 IR

/\ /\ |
A% 4y @000

Yes: For 30 to be a divisior of #, n has to contain all the same prime factors that 30 contains: 30
=2 x3x5,s030contains a2, a 3, and a 5. Because n also containsa2,a3,anda5,301isa
divisor of n.

14. 4, 21, and 55 are factors of n. Does 154 divide n?

https://ieltstep.com



P 725 /
2 4 AND ? 21 AND /7/1\\\

\
/X /\ /\ :
>0 36 d0 @O0V

Yes: For 154 to divide n, n has to contain all the same prime factors as 154: 154 =2 x 7 x 11,
so 154 contains a 2, a 7, and an 11. Because » also contains a 2, a 7, and an 11, 154 divides n.

15. If n 1s divisible by 196 and by 15, 1s 210 a factor of n?
1 1
/ N\ / N\ n
? 195 niei : 15 > /7/|\\\

/\ /\ ;
4% 4y 000600

/\
@ 49
/\
@O

Yes: For 210 to be a factor of n, n must contain all the same prime factors as 210: 210 =2 x 3 x
5x7,s0210containsa2,a3,a5 anda7.ncontainsa2,a3,a5, anda 7, so 210 is a factor of
n.

Drill Set 3

8 3o, (513) =8

1. x8:x2xx

2. 715: 76 % 79 =7 (6+9) — 715
3. 37:32x35=30@"H) =37

4. 96: 92 x 94 =9 (2H4) = g6

5

i

5. 522 =503 =352

' | o
o

3
6. 522 =569=52

57
7. 43: 472 x 45 =402 =43

= % _( 3)(a—2)

( -3 j https://ieltstep.com
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4
9. N¢-0. 11 —j¢-»
] ]."L'
10. Can't simplify: 7° x 53 = no common bases or exponents!

11, x10: x2 x x3 x 2 =x@+3+3) =10
12.37: 3% x 32 x3=3@+2+1) =137

13. 52 3 x S =)B3-9 = 2

14, x9; XX 9

.:.;-L-',

L6, Sdx
15.54x+2, 2 X0 _ 5(6+4x—4) — Géx+2
54

16. %2 37 x 8 x 76 = (T +8+(6) = .9

7. X i
17. x7: 2 = 54030 = 47

18. 6_12 62 % 6—7 % 64 — 6(2+(—7)+4) — 6—1

19. 219 22 X270 s a sy = 10
2._8

2x [
20. 38x + 3_]/: M —_ %f?.r+{%x—f—3_}'ﬂ o ,%S-.'c+3_v
S ‘ -

21. a%: (¥ =a B "D =40

22.28: (294 =2@*4H =28
23.376:(39)3=3@*3H =39

24, 52x, (52)x —5(2xx) =52

25, y—12: (y3)—4 =y (B x—4) :y—lz

26. x15: (x2)6 % x3 _ x(z x 6+ 3) :x(lz +3) — x15

27. 9579 33 x (13) 4 =3B 35 = B +(12) = 9

28. 36 (%ﬁ} 3(‘%’” —4) — yllil 4) — 3{1
34
29, z9x: (26)x % Z3x — Z(6 X x +3x) — Z(6x +3x) — Z9x

30.57 %3 —h = §(F+dxy)-(p3) = §(3+4y-3y) = 5543
(54)
31. : :'r_g :L https://ieltstep.com
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3. S e LT
256 44 256
N TP I
) Sty Tz = - = —
(.1*5)4 yizt o (yz)
1 11
216 @ 216
35. L s X =N =i =
x? st
Drill Set 4
By \/2? J3x27 =+f81=9
2.

8=42x18=1/36=6

Y =
. faw= ‘ﬁ \F J16=4
15 r—ﬁx\/?—\/nxrin:\/zzﬁ:lﬁ

__ /5,000 _ [5,000

(8}

5. 10: =100 =10
50 50
6 12 '}'.:\{376%\[_:‘\{%63{4 \/144—1“ or
IZ\/S?K\/gzﬁxz:l?
- 8”(:\/128:\/128: i
> 2
8 9 I:ﬁxﬁ_ b:fﬁl':?{a: 81:9
J2
640 G40
9. 8: x= = =64 =8
i \Ex\(’g 2X5
10. 6 A:@\/E: 3012 f 6
J10

11-4«/5:J32 :«,/2><2><2><2><2 :J2x2x\/2x2xﬂ:2x2xﬁ:4ﬁ
12. 2.6 : 24 =2 x2x2x3 =/2x2 x2%3 =26

13-6\@:«/180 :\/Exzxf}xf}xS:JZxeJSxf} xf:;’.xf}xf:tﬁ\/g
141542 : 450 =2 x3x3x5% 5 = \/IF/4eiipeinx /2 = 3x5x~/2 =152




15'?"@:\/490 :V/E‘xﬁx?’x? =\f?><? ><\/2:><5 =710

16. 315 : 135 =\/3x3x3%5 =/3x3x/3%5 =315

17. 414 : 224 = 2x2x2%x2x2 %7 =2x2 x[2x2 x /27 =2x2x/14 = 4-/14
18. 707 1343 =[Tx7x7 =\7Tx7 x7 =77

19. 413 : 1208 = 2x2x2x2x13 =2x2 x\2x2 x13 =2x2x\[13 = 413

20. 123 1 332 = JIXIX IX2XBX3 X3 = 2X 2 xJIX2 %33 x43 =2x2x3%x/3 =12./3

Drill Set 5

1. 215: 83 x26=(23)3 x 26 =29 x 26 =215

2. 314:34%95=34x (32)5=34x 310314

3. 7492 x 77 = (7?2 x 77 =74 x 77 =71l

4. 221: 43 % 85 — (22)3 % (23)5 — 26 % 215 — 221

5. I8 18 x 1217 =118 x (11HF =118 x 1% =11%+ *8
6. 517:25%x 1253 =(52)* x (533 =58 x 59 =517

7. 32:92x272=(3%)2x(33)2=3"%x36=32

8. 271:277x82=27x(23)2=27x26=2"1

9. 73% = 6: 73 x 4973 =73 x (72) B =73 x 76 =73 6

10. 1: 45x % 32—2x — (22)5)6 % (25)—2x — 210x % 2—10x — 20 =1

11.3: x3=27
x=3
12.90r—9: 3?=81
y=9or-9
13. 4: 2x> =128
=64
x=4

14.6 or—6: z*+18 =54
z2=36 https://ieltstep.com



z=6 OR -6

15.2: 3x°=96
x> =32
x=2

16.4: 3*=8l1
3x:34
x=4

17.5: 6" 3=36
6)/—3:62
y—3=2
y=35

18.3: 7%~ =71
4x—11=1
4x =12
x=3

19. -1: 54 =25%
5—4:(52)2x
5—4:54)6
—4 =4x
—1=x

20.3: 42=16% "8
42:(42)3)/—8
42:46y—16
2=6y—16
18 =6y
3=y

OR

(22)2 — (24)3)/ -8
24:212y—32
4=12y—32
36 =12y
3=y

https://QBtep.com



42=16% 8
16=16> "3
16! =16 8
1=3y-8
9=13y

3=y

https://ieltstep.com



Chapter 10
of

https://ieltstep.com



Number Properties

Number Properties Practice Question Sets

https://ieltstep.com



In This Chapter ...

Easy Practice Question Set

Easy Practice Question Solutions

Medium Practice Question Set

Medium Practice Question Solutions

Hard Practice Question Set

Hard Practice Question Solutions

https://ieltstep.com



Easy Practice Question Set

1. If ab is positive and cde is negative, which of the following must be true?

(A) ab+cde>0
(B) ab x cde x cde > 0
(C)ac+de<0
ORI

cde

a
E)— <0
( )cde

2. Ifx, y, and z are integers, and x and y are both even, which of the following could be an odd
integer?
(A)y+x
(B) xy +y
(C)y—xz
(D) x+yz
(E)xy+2z
3. John drives 6 miles roundtrip to work every weekday. On Saturday, John drives 2 miles

roundtrip to the grocery store and 6 miles roundtrip to a nearby lake. John does not drive
anywhere else.

Quantity A Quantity B
The number of miles John drives in a week The highest odd number less than 40
4. Simplify the expression ,'Xz ey 3).
(A) x
(B) 2x
(C)x+3x
(D) x+x./3

(E) x\/2

5. There are 37 adults participating in a dance class, with an odd number of men and an even
number of women. If male and female dance partners are paired up, there will be 3 women left
out. How many men are in the class? https://ieltstep.com



b—cta>b+tct+aandc—b—a<c+b—a

Quantity A Quantity B
b C

7. If x 1s a positive integer and y is a negative integer, which of the following cannot be negative?

(A)x+y
(B)2x+y
(O)x+2
(D) 2y
(E) 2x —y

8. The set S consists of 4 consecutive integers. The second term in the set is 7.

Quantity A Quantity B
1
The average value of the integers in set S n+ 5

9. Suppose that (—3)3x = (—3)%? and that y # 0. Which of the following must be true? Indicate all
that apply.

A x is always negative

x 1s negative only if y is negative
x is positive only if y is negative

10. x is an integer and x > 1.

Quantity A Quantity B
V32)2)0x) +(12)3)(x) 20
11. Let S be the sum of the elements of X, a set of 10 consecutive positive integers.
Quantity A Quantity B
5

ﬁ - The smallest of the integers in X
12. If x = 2, the value of (x?)> + x is

(A) 32
(B) 34 https://ieltstep.com



(©) o4

(D) 66
(E) 128
13. On the number line, p is to the right of ¢ and is to the left of 7.
Quantity A Quantity B
P—4q p—r

14. If the sum of seven consecutive integers is zero, what is the smallest of the seven integers?

(A) =6
(B) -3
(€ 2
(D) 0
(E) 6

15. Which of the following is the product of an even prime number and an odd prime number?

(A) 4

(B) 6

© 8

(D) 12

(E) 18
16.

Quantity A Quantity B
(—2+3)(2-(3) (3+2)3-(2)
17.
a b c d
-1 0 1

Which two of the numbers labeled on the number line above will have a product that is
positive?

S| ®|E=|E
QL 6 & Q&

https://ieltstep.com



18. What is a non-zero solution to the equation 2x> — 30x* = 0?

19.
Quantity A
(42)3 _ 43
20.
a=140 and b =33
Quantity A

The largest prime factor of a

https://ieltstep.com

Quantity B
( 43)2 _ 42

Quantity B

The largest prime factor of
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Easy Practice Question Solutions

1. (B): One approach to this problem is to pick numbers. However, this could lead to mistakes, or to
multiple answer choices that seemingly lead to a correct answer. Since the choices largely concern
the sign of various expressions, one could work with the signs of the variables. In either case, all
positive/negative scenarios must be considered.

(A) ab + cde = Pos + Neg, which could be either positive or negative.
(B) ab x cde x cde = Pos x Neg x Neg, which must be positive.
(C) ac + de could be any sign, as a, ¢, d, and e are not constrained individually to one particular sign.

D) LE{? _ Pos
cde  Neg

= Neg, but could be more or less than —1.

a Pos or Neg

E —
E) cde Neg

= Neg or Pos.

2. (E): The product of two even numbers, such as xy, will always be even. However, z could be odd,
and an even plus an odd is always odd. Therefore, the expression in choice (E) could be odd.

In choices (A) and (B), an even plus an even must be even. In choice (C), an even minus an even must
be even. In choice (D), yz (an even number, because y is even) plus x, which is even, will be even.

Note that this problem could be easily solved by either applying these odd/even principles as
demonstrated, or by picking numbers for x, y, and z.

3. (B): John drives 6 miles on each of the 5 weekdays for a total of 30 miles. He drives an additional
8 miles on Saturday for a total of 38 miles. The highest odd number less than 40 1s 39. The
comparison simplifies to:

Quantity A Quantity B
38 39

Therefore, Quantity B is greater.

4. (B): \/r\_l +x2(3) = \/ 42 — 9, Note that you cannot split expressions under the radical. In other

words, splitting /.2 , 2 5 fnto %/F - \f-**'z (3) is incorrect, and will lead to the incorrect

answer (in this case, choice (D)).
https://ieltstep.com



5. 17: Since there are 3 women left out, there will be 37 — 3 = 34 people dancing in pairs. Half of
those dancing are men; hence there are 17 men in the class. This is partially verified by the fact that
17 is an odd number.

6. (A): The first inequality simplifies to:

b—ct+ta>b+c+ta
—cta>c+ta
—c>cC
0>2c
c<0

The second inequality simplifies to:

c—b—a<ctb—a
—-b—a<b-—-a
-b<b
0<2b
b>0

Because b is positive and ¢ is negative, b must be larger. Therefore, Quantity A is greater.

7. (E): Suppose y is a large negative number and x is a small positive number. In that case, x +y, 2x +
y, and x + 2y would all yield a negative number. Because y is negative, 2y will be negative. In choice
(E), 2x will be positive, y will be negative, and a positive minus a negative will always yield a
positive.

8. (O): Given the fact that the integers in set S are consecutive and the value of the second term is 7,
the remaining terms can be expressed asn — 1, n+ 1, and n + 2, with n — 1 the first term in the
sequence.

The average of a set of numbers can be expressed as (Sum) + (Number of Terms), which for this
problem equals:

(—D+nm+{n+D+(n+2) 4n+2 ]
: = —=p+—,
4 4 2

Therefore, the two quantities are equal.

9. (A): Notice that (—3)? is negative while (—3)° and y? are both positive (this is a property of any
number, with the exception of 0, raised to an even power). You can therefore rewrite the original
equation as: (Neg)x = (Pos)(Pos). This simplifies to (Neg)x = (Pos) or x = (Neg).

You can tell from the answer choices that the question involves only the sign of x. X must be negative

in order for the new equation to hold—thus, only choice (A) 1s correct.
https://ieltstep.com



10. (D): Begin by simplifying the value in Quantity A. Because of order of operations, you must first
perform the multiplication, then addition, and finally the square root—you cannot separate the
expression under the radical. This gives \]64?2 1362 = \/1 00x2 =10x Since x must be a

positive integer larger than 1, Quantity A must be 20 or larger. Thus, the comparison becomes:
>20 20

Thus, if x = 2, the two quantities are equal; otherwise, Quantity A is larger. Therefore, the
relationship cannot be determined from the informations given.

11. (B): If the sum of 10 consecutive positive integers is .S, then the average value in the sequence is

i_ This number can also be found by averaging the fifth and sixth numbers in the sequence (i.e.,

10
finding the “middle” value), which is exactly 4.5 greater than the lowest number. (For example, the

set {1,2,3,4,5,6,7,8,9,10} has a sum S =55. The average value is i — 5.5, which is halfway

10
between the numbers 5 and 6. Thus, this number is exactly 4.5 higher than the smallest number in the
sequence, whichis 1.)

-

Using this logic, you may write the smallest number in the sequence as o 4.5. The comparison then

10
becomes:

Cug e 4
10 10

Therefore, Quantity B is greater.

12. (D): To solve this problem, you need to apply the appropriate exponent rule: (x4)? = x%?. Thus:
(223 +2=20+2=64+2=66.

13. (A): If p is to the right of ¢ on the number line, then p > g. Similarly, if p is to the left of » on the
number line, then p <r. Therefore, p —¢ >0 and p — r <0. Thus, Quantity A is greater.

14. (B): If the sum of an evenly spaced set is 0, then O is the average number in the set; the average is
equal to the median or “middle” number, so the middle number is 0. Since there are seven terms and
they are separated by increments of 1, the set must be: {—3, -2, —1, 0, 1, 2, 3}. Thus, the smallest
integer in the set is —3.

15. (B): The only even prime number is 2. The first few odd prime numbers are 3, 5, 7, and 11.
Looking through the choices, you can see that choice (B), 6, is the only one that is the product of 2 and
an odd prime (2 % 3). Note that choice (E), 18, fails, because 18 =2 x 9, and 9 1s odd but not prime.

16. (A): You may be tempted to use the calculator for this problem, but the solution is much easier
and much quicker without it. When a negativiteutisgensosubtracted from another quantity, the two



negatives make a positive, so that the net result is addition. Therefore, 2 — (-3)=2+3 =5 and 3 —
(—2) =3 + 2 = 5. You can thus divide both quantities by 5 to arrive at the simplified comparison
below:

-2+3=1 —-3+2=-1
Therefore, Quantity A is greater.

17. (A) and (B): For a product to be positive, either both numbers have to be positive, or both have to
be negative. Because a and b are both negative on the number line shown, they will yield a positive
product. Because ¢ equals 0, anything multiplied by ¢ will yield 0. Finally, d is the only positive
number labeled on the number line, and so it cannot be multiplied by another labeled number to yield
a positive product.

18. 15: Noting that x°> = x! ™ =x! . x* you can factor out x* from both terms, resulting in x*(2x — 30) =

0. You can then divide through by x* because you are looking for a non-zero solution. This yields 2x
—30=0orx=15.

19. (B): Compare, don't calculate! When a power is raised to another power, the exponents are

multiplied. Thus: (4%)3 = 4% and (4°)? = 45. You can subtract 4° from both sides so that the comparison
boils down to:

Quantity A Quantity B
—43 — 42

Both sides are negative; however, because 4° > 4%, Quantity A is more negative. Therefore, Quantity
B is greater.

20. (B): The prime factorization of @ is 2 x 2 X 5 x 7 and the prime factorization of b is 3 x 11. Thus,
even though b 1s much smaller than a, the largest prime factor of b is larger than that of a. Therefore,
Quantity B is greater.
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Number Properties: Medium Practice Question Set

1. A number line is divided by 10 evenly spaced tick marks. The length between each tick mark
equals p, and p is a prime number.

Indicate all the possible lengths of the number line described above:

A 10
B 18
C] 22
[D] 24
[E] 27
[F] 30
G 36
Hl 117
| 130
2.
x 1S an integer.
100
Quantity A Quantity B
x> x2+ 100

3. Let X represent a segment on a number line such that —1 <x < 5. Let Yrepresent a segment on a
number line such that 6 <y < 10. If X were shifted by 5 in the positive direction and Y were
shifted by 2 in the positive direction, how many common integers would the new X and the new Y

share?

(A) 1

(B) 2

©3

(D) 4

(E) 5

4.

Quantity A Quantity B
(721 +7721)2 742 4 742
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5. If |a + b| — ¢ < d, which of the following must be true? Indicate all that apply.

A atb>0
B d > 0 whenever ¢ <0
z d+c>0

6. Which of the following is equal to , /g1 . 160?

(A 510

(B) 22

(©) 25

D) 252

(E) 255

7. How many multiples of 11 are there between 100 and 1,000, inclusive?

(A) 80

(B) 81

(C) 82
900

D) —

11
(E) 901

8. Between 5 and 10 on a number line, exclusive, a dark gray tick mark is placed at every multiple

of l and a light gray tick mark at every multiple of l At how many places will a dark gray tick
9
mark and a light gray tick mark overlap?

9. Suppose that |b — a| = 2. Which of the following statements must be true? Indicate all that apply.

Al @ mustbe positive if b is positive

a must be negative if b is negative
b>0ifa>2

B]

C

10. x, y, r, and ¢ are integers such that x”" is negative and ! is positive. If 7 is not a multiple of 2, then
which of the following statements must be true?

(A) xr>0
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(B) x—r<0

(C) yisamultiple of 2
(D) x>0

(E) None of the above

11.
Quantity A Quantity B
ERIDN 3
53

12. If p and g are different prime numbers and a, b, and ¢ are consecutive integers such thata < b <c,
which of the following must be odd?

(A) ap
(B) bp
(C) pg
(D) a+b
(E) a+q
13.
Quantity A Quantity B
V20 ++/80 10
14.
a > b and |b| > |a|
Quantity A Quantity B
ab? a’b

15. If g 1s an even integer and r is an odd integer, then which of the following must be an even
integer?

(A) g+r
B) ¢*+r
(© q+r?
(D) gr+gq
(E) grtr

16. m 1s the product of two positive even integers.

Quantity A Quantity B
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The last digit ofg 5

17. If u <v <0 <w, then which of the following must be positive?

(A) w—uv
B) u—wv
(©) u(w—v)
(D) v(u—w)
(E) w(u—v)

18. Points X, Y, Z, and W lie on a number line, though not necessarily in that order. The distance
between X and Yis 10; the distance between Z and W is 7; and the distance between Y and Z 1s 4.
What is the minimum possible distance between X and W?

A) 1

(B) 3

€ 4

(D) 6

(E) 7
19. If a # 0, which of the following is equivalent to a(ﬂzi_] ?

a

(A) a”

(B) a?

(C) a'l

(D) o

(E) d

L e s e e e e e R
200 a =10 b 0 C d

On the number line above, all tick marks are evenly spaced.

Quantity A Quantity B
ac bd
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Number Properties: Medium Practice Question
Solutions

1. (B), (E), and (H): The question stem indicates that the number line described must include 10 tick
marks. Thus, there must be exactly nine intervals (always one fewer interval between tick marks than
tick marks themselves (see diagram below, starting at some constant ¢ and ending in ¢ + 9p).
Therefore, the correct answer must be nine times a prime number, since p is prime and there are nine
intervals. Choice (B) =2 x 9, choice (E) =3 %X 9, and (H) = 13 x 9. Because 2, 3, and 13 are all
prime numbers, those answers are correct. All other answer choices are not multiples of 9, except for
(G), which is 4 x 9, and 4 is not prime.

cC+p c+3p C+5p c+7/p c+9p

—_—

C c+2p c+4p c+6p c+8p

2. (D): Since you know that ﬁ 1s an integer, you know that x is divisible by 100. However, that
1
does not mean that x must be a positive multiple of 100. It could also be 0, =100, —200, etc.

If x is a negative number, then x> will also be negative, but x*> will be positive, making Quantity B
greater. (The same would be true if x = 0.) However, if x is 100, then x> = 1,000,000, while x> + 100
= 10,100, making Quantity A greater. (Note that if x is any positive multiple of 100, Quantity A will
always be greater.) Thus, the relationship cannot be determined because the sign of x is unknown.

3. (B): X originally contains the integers 0, 1, 2, 3, and 4. (Note that you do not include the endpoints
—1 and 5, because x must be strictly larger than —1 and strictly less than 5.) Y originally contains the
integers 6, 7, 8,9, and 10:

Original X Original Y
=1 0 1 2 3 4 5 6 7 8 9 10

When X is shifted by 5 in the positive direction, it now contains the integers 5, 6, 7, 8, and 9. (Note
again that you do include the endpoints 4 and 10.) When Yis shifted by 2 in the positive direction, it
now contains the integers 8, 9, 10, 11, and 12:

https://ieltstep.com



Only the integers 8 and 9 are found in both the new X and the new Y. The answer is 2, which is choice

(B).

4. (A): These values are too big to calculate using the calculator. Simplify the equation on the left as
follows:

(721 4+ 7—21)2 —

(721 + 7—21)(721 + 7—21) —

(72 + (T2D(72) + (772 + (727 2) =
T+ M)+ () +(T ) =

(7% +2+(7)

The problem then simplifies to:

Quantity A Quantity B
742 + 7—42 +2 742 4+ 7—42

Therefore Quantity A is greater.

5. (B) and (C): You can rewrite the original inequality as |a + b| < ¢ + d. Since |a + b| is non-negative
by definition and ¢ + d has a greater value, ¢ + d must be positive, so choice (C) is correct. Next, note
that if ¢ < 0, then the expression |a + b| — ¢ must be positive, since |a + b| is non-negative and a non-
negative number minus a negative number MUST be positive. Thus, d is positive whenever c is
negative. Therefore, choice (B) is true.

Choice (A) can be eliminated because even if a + b has a non-positive value, |a + b| must be non-
negative. Thus, the sign of a + b is unknown. To convince yourself, pick numbers, such as: (a + b) =
—5, ¢ =3, and d = 4. The original inequality would hold. But the initial inequality would also hold if
(a+b)=5,c=3,andd=4.

6. (A): To solve for the square root of any number that is not a perfect square, ultimately you need the
prime factors of the number. However, because there is addition in the expression under the radical,
you cannot split the expression into two separate radicals:

<N

J81+169 =+/250 =/10%x25 =4/2x5x5x

The expression above can be rewrittenas |/« 5 %[5 5 =+/10 x5 =54/10,

Note again that you cannot split expressionsiupdéeithepradical. In other words, splitting /g1 4+ 169



into /g1 4 ./169 18 incorrect, and will lead to the incorrect answer (in this case, choice (B)).

1

An alternative would be to use the calculator's square-root button! 552

7. (B): First, you should determine the smallest and largest multiples of 11 that fall in the desired
interval. The smallestis 10 x 11 = 110, while the largest is 90 x 11 =990. Thus, the problem boils
down to determining how many integers are in the sequence 110, 121, 132,...990, which is the same
as the number of integers in the sequence 10, 11,...90 (simply take the original sequence and divide
every itemin it by 11). This can be determined by subtracting the smallest from the largest, and
adding 1: 90 — 10 + 1 = 81. Note that it is incorrect to subtract 100 from 1,000 and then divide by 11,
because neither 100 nor 1,000 are multiples of 11.

8. 14: Note that each third will always overlap a ninth. Therefore, the question can be rephrased as
“how many dark gray tick marks are there?” Since the line segment does not include the endpoints (5
<x < 10), there are dark gray tick marks at 4 integers (6, 7, 8, and 9) plus two dark gray tick marks
between consecutive integers. This results in an additional 2 in each of 5 spans between adjacent
integers, or an additional 10. Thus, there are 14 dark gray tick marks, as shown below:

5 6 7 8 9 10

9. (O): It is important to note that the equation |b — a| = 2 tells you only that the distance between a
and b on the number line is 2. The only proper interpretation of the equation is that it tells you that
one of the following statements must be true:

1. b—a=2ifand onlyifb—a>0,1.e.,b>a OR
2. b—a=-"2i1fandonlyifb—a<0,1.e,b<a

You can easily prove that choice (A) need not be true. Suppose that b =1 and a =—1. Then choice
(A) 1s false. Similarly, suppose that b =—1 and a = 1. Then, choice (B) is false. The important thing
to note 1is that an absolute value statement does not restrict the signs of the variables within the
absolute value expression.

Only choice (C) must be true. If a > 2, then b must be positive because the distance between b and a
on the number line is only 2. Thus, » must be to the right of 0 on the number line.

10. (B): When an integer is raised to an integer power, it falls into one of four possible cases:

1. Anegative integer raised to an even power — Positive
2. Apositive integer raised to an even power — Positive
3. Anegative integer raised to an odd power — Negative

4. A positive integer raised to an odd poweP* L "Fssitive



Based the information provided, you can deduce that x must be negative and y must be odd (since x*
is negative). Also, since ¢ is not a multiple of 2, it is odd, so » must be positive.

You can now evaluate the choices. Choice (A) is false: (Neg) x (Pos) = (Neg). Choice (B) must be
true: (Neg) — (Pos) = (Neg). Choice (C) is false because y must be odd, as established. And choice

(D) is false: (Neg)©% = (Neg).

11. (A): Start by manipulating Quantity A, breaking it down into prime factors for comparison with
Quantity B. First, (3%)? becomes 3°, because a power raised to another power is simplified by
multiplying the exponents. Next, (15)3 can be written as [(3)(5)]°, and the exponents can then be
distributed, yielding 3353. The numerator in Quantity A can thus be written as 363353. Since exponents
with the same base are combined with addition, 3933 becomes 33, which is 3°, and the numerator
simplifies to 3°53. Finally, since any number divided by itself yields 1, the 5° in the denominator
cancels the 5° in the numerator and Quantity A reduces to 3°. The comparison then becomes:

Quantity A Quantity B
37 38

Thus, Quantity A is greater.

12. (D): If p and g are different prime numbers, then either could equal 2. Therefore, choices (A),
(B), and (C) could all be even. Similarly, a could be odd or even, as could ¢, so choice (E) is
incorrect.

If @ and b are consecutive integers, one must be odd and the other even. Thus, their sum will be odd.
If in doubt, pick representative values (e.g.,a=3 and b=4,ora=8 and b =9, etc.).

13. (A): The quickest way to solve this question is to use the calculator.'

552\ 20 ++/80 ~13.4,

which is greater than 10.

Alternatively, you could simplify the roots. A sum of two roots cannot be rewritten as a single square
root, that is, V"EO 1 \/30 ” \/30 1 80 = \/1 00 = 10, Instead, you should simplify the two roots in
Quantity A as much as possible, by factoring out a perfect square from inside the root. This yields

J20 =4 x5 =4 x~/5 = 24/5 and /80 = /16 x5 =+/16 x+/5 = 4+/5. The proper comparison

1s therefore:

Quantity A Quantity B
245 +4/5=6+/5 10

Because \/E is bigger than /4 \ﬁ is bigge%&%g igfst"gg}(%sm 6 VE is bigger than 12. Therefore,



Quantity A is greater.

14. (D): The only way a can be greater than b, while the absolute value of b is greater than the
absolute value of a, 1s for b to be negative. Given that a > b, if both were positive, then the absolute
value of @ would have to be greater than the absolute value of 5. Also, because a is greater than b, it
1s impossible for a to be negative while b is positive. But it is still possible for both a and b to be
negative.

If both a and b are negative, then both quantities are negative. For instance, if a =—2 and b = —3 then
ab* =—18 and a?b = —12 such that Quantity B is greater. On the other hand, if @ is positive, for
example @ =2 and b = —3 then ab? = 18 and a?b = —12, such that Quantity A is greater.

Therefore, the relationship cannot be determined from the information given.

15. (D): For a sum to yield an even answer, either both terms must be even, or both terms must be
odd. In contrast, a product will be even as long as either of the two terms is even. Thus, ¢* and gr
will be even, whereas 2 will be odd.

Now, look at the sums: choices (A), (B), (C), and (E) all consist of one even and one odd term, so the
sum for each will be odd. Only choice (D) offers the sum of two even terms, so choice (D) is the
correct answer.

Of course, problems involving odds and evens can also be solved effectively by picking numbers.
For example, you might pick ¢ =2 and » = 3. (This example used 3 instead of 1 for » because 1
sometimes leads to unusual results, and is thus usually not a good number to choose when using
number picking strategies.) With those values, the five answer choices yield 5, 7, 11, 8, and 9,
respectively, which confirms the assessment above.

16. (D): When two even numbers are multiplied, the result is always divisible by 4. This is because
each of the even factors contributes at least one prime factor of 2 to the product.

In essence, then, the product of two even numbers could be any multiple of 4, and subsequent division
by 4 could yield any integer: 1, 2, 3,...So the last digit of this quotient can be less than or greater than
5.

: .. o
For a concrete example, consider first the case m =2 x 4 = 8. In that case, the last digit of — is 2,
4

which is less than 5. On the other hand, when m = 6 x 4 = 24, the last digit of E 1s 6, which is greater
4
than 5.

Therefore, the relationship cannot be determined from the information given.
17. (D): A product is positive either if both terms are positive or if both terms are negative. Looking

at choice (A), you see that the product uv 1s positive; however, that product is subtracted from another
positive quantity, w. The result may or may hispdéepesitore. In choice (B), a negative quantity (wv) is



subtracted from another negative quantity, u. The result is once again indeterminate: If wv is more
negative than u, then the result of the subtraction operation would be positive, but otherwise it would
be negative. The other three answer choices are all products. In choice (C), w — v, which is positive
(because w is greater than v), is multiplied by the negative quantity, u. The result will be negative.
Choice (E) is also the product of one positive and one negative quantity. By contrast, in choice (D),
two negative terms are multiplied together, as v <0 and u <w, so u — w < 0. Thus, choice (D) yields a
result that will be positive.

18. (A): One possible arrangement of X, Y, Z, and W is shown below:
X Y Z W

e

10 4 7

Here the distance from X to W is the maximum (21). You can move W to the other side of Z for a
different arrangement, such that the distance from X to W shrinks to 7:

0 —_
X w oYy |z
7 3 4

You can furthermore move Z to the other side of Y, so as to obtain a distance of 1 from X to W. This is
the minimum.

i
WX Z Y
1 6 4

10
19. (D): When a base to a certain power is raised to another power, the exponents are multiplied.
When two bases raised to different exponents are multiplied, the exponents are added, and when one

base raised to a certain power is divided by another, the exponents are subtracted. Finally, note that a
itself has an implied exponent of 1. Therefore:

a2

231 1 -2
ala”) a xda 14+(=2)—(-1) 1-2+1 0
= =da

— — &

= =
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Note that this quantity will equal 1 for any value of a # 0.

20. (C): Because the tick marks are evenly spaced, and because two of the tick marks are labeled
with numbers, you can determine the distance between each of the tick marks using the formula:
upper — lower

Here, there are 5 intervals, the upper value is 0 and the lower value is —10:
# of intervals

5 intervals

VYV VIV
— T

a -10 b 0 C d

Thus, each interval is w = 10

— — 2 units apart.
5 5

Since a is one interval to the left of =10, a = —10 — 2 =—12. Since b is one interval to the right of
—10, b =—10 + 2 =—8. Since c is two intervals to the right of 0, c =0 + 2(2) =4. d 1s one interval to
the right of ¢, d =4+ 2 =6.

The comparison thus becomes:

Quantity A Quantity B
(—12)(4) =48 (—8)(6) =—48

Therefore, the two quantities are equal.
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Number Properties: Hard Practice Question Set

CAUTION: These problems are very difficult—more difficult than many of the problems you will
likely see on the GRE. Consider these “Challenge Problems.” Have fun!

1. If a 1s a positive integer, then which of the following must be true of (a — 1)(a)(a + 1)?
Indicate all that apply.

It is always positive.

It is always odd.

It is always divisible by 3.
It is always divisible by 4.

2] [=

It is non-prime.

Quantity A Quantity B
68 5342 695343
3082 357"

3. 1f 324117 = 27%33%* then x must equal which of the following?

Indicate all that apply.
A 2a
B] 26
C] 7a-2b
0] a
;
[E] =
2

4. Suppose that [x| < |y + 2| < [z|. Suppose further that y > 0 and that xz > 0. Which of the following
could be true?

Indicate all statements that apply.

A 0<y<x<z

B O<x<y<z
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x<z<0<y
[D] O0<y+15<x<z

Z<x<0<y
M+5

If ﬂ 1s not an integer,

3

5. Suppose that M and N are positive 2-digit integers and that pj —

what is the largest possible value of N?

6. Let n = 11!. What is the smallest non-prime positive integer that is not a factor of n?

(X x+1)(x+2)
2x3x5

7. If x and y are integers, then must be an integer if which of the following is true?

(A) xiseven.

(B) xisodd.

(C) x1sdivisible by three.
(D) yiseven.

(E) yisequal to zero.

8. If ab is divisible by ¢, which of the following cannot be true?

(A) aisdivisible by c.

(B) a1is not divisible by c.

(C) c1saprime number.

(D) ab+cisoddand cis odd.

(E) ab+cisoddand cis even.

2
9.1f X _isan integer greater than 50 and x is a positive integer, then what is the smallest possible

4

value for x2?

10. Which of the following equals ~(2—+/8)2v2 ++/8)?

(A) —8+2
B) —4
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) 4
(D) 442
(E) 8

11. m 1s a positive integer less than 300 and has exactly two even and two odd prime factors in its
prime factorization. What is the maximum possible value of m?

12.
xy <0
Quantity A Quantity B
e+ ] el + ]
13. The quantity 3%445°6°% — 3643546 will end in how many zeros?
A) 3
(B) 4
(O
(D) 6
(E) 9
14.
X 1s a positive, odd integer.
Quantity A Quantity B
(-3)" Ly
15.
Quantity A Quantity B
32() L 3|9
3 18 4 3 18
3

16. x, y, and z are consecutive integers, where x <y <z. Which of the following must be divisible by
3?

Indicate all that apply.

Al xz
Bl &+ 1)yz
z (x+2)yz
@ (x+3)yz
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[E] G+D@+DE+1)
[Fl G+Do+2)E+3)

17. b, c, and d are consecutive even integers such that 2 < b < ¢ <d. What is the largest positive
integer that must be a divisor of bcd?

18. x? is divisible by both 40 and 75. If x has exactly three distinct prime factors, which of the
following could be the value of x?

Indicate all values that apply.

A 30
B 60
200

[D] 240
[E] 420

19. m 1s a three-digit integer such that when it is divided by 5, the remainder is y, and when it is

divided by 7, the remainder is also y. If y 1s a positive integer, what is the smallest possible
value of m?

20.
x=120 and y =
150
Quantity A Quantity B
The number of positive divisors of x The number of positive divisors of y
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Number Properties: Hard Practice Question
Solutions

1. (C) and (E): The product in the question stem is the product of three consecutive integers. Any
three consecutive integers will always contain a multiple of 3. Therefore, (a — 1)(a)(a + 1) is always
divisible by 3, so choice (C) is correct. Because (a — 1)(a)(a + 1) is divisible by 3 (among other
things), it is non-prime, so choice (E) is correct.

The other choices can fail as follows. If @ = 1, then the product will equal 0, since @ — 1 would equal
0. Therefore choice (A) is incorrect. Since the product of three consecutive integers will always
contain an even number, choice (B) is incorrect—the product will always be even, not odd. Finally, if
a 1s an even number that is not a multiple of 4 (such as a = 6), the product will have only one 2 in its
prime factorization, so the product will not be divisible by 4. Therefore, choice (D) is incorrect.

2. (A): The calculator is a bad way to go here. Use your exponent rules!

Quantity A Quantity B
823 ,2 4848234 9-3 .3 s T B
G:3id BAYET  shansa 67574 3727570 7 13
1602 - 2646 =2°3% 2848 = 1548 =2 )
2 8 J & 3 L i B

Quantity A has an extra 3 in its prime factorization whereas Quantity B only has an extra 2 when
compared to 263153, their common factor. Therefore, Quantity A is greater.

3. (D) and (E): These problems are most easily solved by breaking bases into their prime factors, and
then grouping;

32110 = 27433
32a11b = (33)4x32x112x
32(1111) — 314x112x

Because of the prime bases, the exponents must also be equal. This gives rise to the equations:

14x = 2a, so x :;

Also, 2x = b, s0 :ﬁ

2

All the other choices may be true, for example ifa = b = x = 0. However, only choices (D) and (E)
must be true.

s://ieltstep,

4. (A), (B), (D), and (E): One way to solve thts type 0 (f:)nl]roblem is to graphically depict all possible



cases. Fortunately, the conditions given in the problem (y > 0 and xz > 0) limit the possible cases: y
must be positive, and x and z must have the same sign (both positive or both negative), so you can
answer the question effectively by picking numbers.

If x and z are positive, then either y > x or y <x (notice that z must be greater than y because they are
both positive, and z is greater than y + 2). Consider the following two sets of values, which both
satisfy all of the conditions: (1) x=1,y=5,z=9,and (2) y=1,x =2,z =15. These cases
demonstrate that choices (A) and (B) are both possible.

Choice (D) can also be true unless the variables have to be integers—which they do not in this
question. Thus, the choice is a trap for test-takers who assume that the variables must be integers. One
possible example that would fit this descriptionis y =1, x=2.7, and z = 4.

If x and z are negative, then choice (E) must be true—y 1s positive, and since |z| > [x|, it must be the
case that z <x.

For the same reasons, choice (C) cannot be true. If x and z are both negative, then x must be greater
than z, again because |z| > |x|.

5. 51: Since you are trying to find the maximum value of N, and you know that N increases as M does,
you should find the maximum value of M and solve for N. However, M cannot equal 99 since M is not

divisible by 3; thus, the largest possible value of M is 97, which sets the maximum value of N at
97-+5

= Dl

)

6. 26: Every integer smaller than or equal to 11 is a factor of 11!. Therefore, you must evaluate
numbers larger than 11:

12 1s a factor of 11!, because 4 and 3 are both factors of 11!.
13 is not a factor of 11!, but it is a prime number.
14 1s a factor, because 2 and 7 are both factors of 11!.

By similar logic, all integers between 15 and 25 are either prime numbers or can be broken down into
factors that are factors of 11. The integer 26 is non-prime—it has 2 and 13 in its prime factorization.
Since 13 is not a factor of 11!, neither 1s 26. Therefore, 26 1s the correct answer.

(An alternative way of thinking about this problem is to consider the smallest prime number that is not
a factor of 11!—13—and find the smallest multiple of 13 that is non-prime. This can be done simply
by multiplying 13 by 2, the smallest prime number.)

7. (E): The numerator of the fraction consists of three consecutive integers. Thus, the numerator will
always be even and divisible by 3 (at least one term in the numerator will be even and exactly one
will be divisible by 3). However, the numerator does not have to be divisible by 5. So, when x =0,
the denominator will equal 6 and the fractionpeildclemaym be an integer.



8. (E): If ab 1s divisible by ¢, then a might be divisible by ¢ (e.g., ifa =8, b =3, and ¢ = 2). Choice
(A) 1s possible and thus incorrect. Additionally, this numeric example demonstrates that choice (C) is
possible and thus incorrect, since 2 is a prime number.

If ab is divisible by ¢, then a might also not be divisible by ¢ (for example, ifa =3, b =4, and ¢ = 6).
Choice (B) 1s possible and thus incorrect.

In choice (D), if ¢ is odd and ab + ¢ 1s odd, then ab must be even. An even divided by an odd can
result in an integer (e.g., if ab = 12 and ¢ = 3). Choice (D) is possible and thus incorrect.

Finally, in choice (E), if ¢ is even and ab + ¢ is odd, then ab must be odd. An odd divided by an even
will never result in an integer; that is, if ab 1s odd and c is even, ab will never be divisible by c.
Choice (E) 1s impossible and therefore is the correct answer.

2

9.256: If * _is an integer greater than 50, then x? is an integer greater than 200. Furthermore, x?

must

LI.
be divisible by 4, so x must be divisible by 2 (even). Testing numbers, you can conclude that x = 14 is
just barely too small (x> = 196), so x = 16 and 16% = 256 is the smallest possible value for x. Use the

calculator to test these numbers if you need to. o)

10. (E): Simplifying will be easier than using the calculator here. You can either first multiply the
parentheses (using the FOIL method) and then simplify, or first simplify , /g as 5 /5, group related

terms, and then multiply. The first approach yields:

W2 —B)V2+8) = (fB—/2)22 +\/8) =216 +8-2x 2-/16=8+8—-4-4=8

Alternatively, the second approach yields:

(2 —/8)(242 +/8) = (W8 = 2)(2v2 +/8) = (242 = 2)(2V2 + 24/2) =2 x 42 =

4x2=8

11. 276: Because the only even prime number is 2, m must be the product of 2 x 2 =4 and two odd
primes. Further, due to the restriction that m be less than 300, the product of those two odd primes

must be less than @ = 75. Thus, you need to find the largest number smaller than 75 that is the

;l.
product of exactly two odd prime numbers. You can rule out even numbers, and you have 73, which is
prime, as is 71; 69 is the product of two prime numbers (3 and 23). Thus, the maximum possible
value for m1s 2 x 2 x 3 x 23 =276.

12. (B): The product of x and y is negative, indicating that the two quantities have opposite signs. The
easiest way to show that Quantity B is greater 1s to try actual numbers. For instance, ifx =—3 and y =
2, then [x + y|=|-1|=1 while [x| + [y| =3 + 2 = 5. Intuitively, you can see that the sum of two positive
absolute values will always be greater than the absolute value of the sum of two quantities, one of
which is negative. https://ieltstep.com



Therefore, Quantity B is greater.

13. (B): The number of zeros at the end of an integer indicates how many times that integer could be
divided by 10. The integer 10 has 2 and 5 as its prime factors. Thus, the number of pairs of (2 x 5) in
the prime factorization of a number will determine the number of zeros at the end of the number. For
the terms 1n the expression, only the powers of 5 itself can contribute 5’s to the prime factorization,
whereas prime factors of 2 may come from the 4’s and the 6’s, with each 4 contributing two 2’s. Thus,
33445560 will have 2 x 4 + 6, or fourteen 2’s and five 5’s in its prime factorization. The number of
complete pairs of (2 x 5) is thus limited by the number of 5°s; 334%5°6% will have five such pairs, and
therefore five 0’s at the end. Meanwhile, 364°5%63 will have 2 x 5 + 3, thirteen 2’s and four 5’s in its

prime factorization. The number of complete pairs of (2 % 5), and thus the number of zeros at the end,
will be 4.

Finally, observe that you will be subtracting a number that has four 0’s at the end from a larger

number that has five 0’s at the end. A quick calculation, such as 100,000 — 40,000 = 60,000, will
confirm that the result will have four 0’s at the end.

14. (A): In Quantity A, a negative integer is raised to a positive odd power. Odd powers retain the
sign of the underlying quantity. Thus, (—3)* = —3*. Meanwhile, in Quantity B, the exponent may be
broken up as follows, so as to match that in Quantity A: —2% = —(2%)* = —4*. Note that the minus sign
is applied after the multiplication, for both quantities. Thus, the comparison reduces to:

Quantity A Quantity B
_3x _4x

Both columns are negative; however, for positive x, 3* <4*, so that —3* > —4*,
Therefore Quantity A is larger.

15. (C): Start by multiplying both sides by 3. This does not affect the comparison because you are
multiplying both quantities by a positive quantity (i.e., the operation is “reversible”). Note that 3 x

318 =31 x 318 =319 The quantities are now as follows:

Quantity A Quantity B
320_319 319+319

Now add 3! to both sides, resulting in:

Quantity A Quantity B
320 3 x 319

Because 3 x 319 =31 x 319=320 the two quantities are equal.
https://ieltstep.com



16. (A), (D), (E), and (F): Any group of three consecutive integers must include a multiple of 3.
Therefore, the product of any three consecutive integers is divisible by 3. This shows that choice (A)
is correct, as is choice (E) (which is a group of three consecutive integers, shifted upward by one
from the original set). Now, if either y or z is a multiple of 3, then the expressions in choices (B) and
(C) will also be divisible by 3, but you do not know for certain which of x, y, and z is the multiple of
3. Therefore choices (B) and (C) should be excluded. Choice (D), on the other hand, is another set of
three consecutive integers and is therefore correct (x + 3 is 1 greater than z). Finally, choice (F) is
also correct, because (x + 1)(y + 2)(z + 3) represents the product of three consecutive even integers
or three consecutive odd integers (depending on whether x 1s even or odd). To see why, write the
product in terms of x: (x + 1)(x + 3)(x + 5). In either case, one of the three terms must be a multiple of
3.

17. 48: Because b, ¢, and d are all even, each variable has at least one 2 in its prime factorization, so
bed will have at least three 2’s in its prime factorization. Furthermore, because b, ¢, and d are
consecutive even integers, at least one of them will have an extra 2 in its prime factorization (because

every other even number is divisible by 4, or 22). Therefore, bcd will have at least one additional 2
in its prime factorization, for a minimum of 4 twos.

In addition, because b, c, and d are three consecutive even integers, exactly one of them will be
divisible by 3 (every third even number is a multiple of 6). Thus, bcd will have at least one 3 in its
prime factorization.

You cannot tell for certain whether bed will have any other prime factors, so the correct answer is 2*
x3=16x3=48.

Note that it is no coincidence that this is equal to the product of the three smallest positive even
integers (2 x 4 x 6 =48). The question stipulates that 2 < b, and thus b > 4, to make number picking
less effective and thus make the problem seem more difficult.

18. (B) and (D): Because x? is divisible by 40, which has a prime factorization of 2 x 2 x 2 x 5, x
must have 2’s and 5’s in its prime factorization. Notice that there are three 2’s in the prime
factorization of 40, so it is not sufficient for x to have only one 2 in its prime factorization. If that
were the case, x> would have exactly two 2’s in its prime factorization. Therefore, x must have at
least two 2’s and one 5 in its prime factorization.

Furthermore, x? is divisible by 75, which has a prime factorization of 3 x 5 x 5, so x must have a 3
and a 5 in its prime factorization. Notice that this 5 is redundant with the information you obtained
from learning that x? is divisible by 40—the 5 in that prime factorization could be the same 5 in the
prime factorization of 75.

Finally, the question states that x has exactly three distinct prime factors. You have already
established that x must have two 2’s, one 3, and one 5 in its prime factorization. Therefore, x cannot
have any prime factors other than 2, 3, and 5.

Choice (A) has a prime factorization of 2 X Bttes:Hjegeterscomcorrect because x must have a minimum of



two 2’s.
Choice (B) has a prime factorization of 2 x 2 X 3 X 5, so is a correct answer.

Choice (C) has a prime factorization of 2 x 2 x 5 X 5, so is an incorrect answer because x must have
a3.

Choice (D) has a prime factorization of 2 X 2 x 2 x 2 x 3 X 5,50 is a correct answer.

Choice (E) has a prime factorization of 2 x 2 x 3 x 5 X 7, s0 is an incorrect answer because x must
have exactly three distinct prime factors, and having 7 as a prime factor would bring the distinct
prime factor count of x to four.

19. 106: One way to solve this problem is simply to begin with the smallest possible integer for m
(100 1n this case), divide it by both 5 and 7 (checking to see whether the remainders are equal and
non-zero), and continue working upward until a solution is found:

m 7
») /
2
100 20 (Remainder = 0) 14 — (Remainder = 2)
101 EOIT (Remainder = 1) 1 42 (Remainder = 3)
g |
102 20= (Remainder = 2) 142 (Remainder = 4)
B 7
103 202 (Remainder = 3) 14 2 (Remainder = 5)
2 7
104 2[}? (Remainder = 4) 1 42 (Remainder = 6)
2 !
105 21 (Remainder = 0) 15 (Remainder = 0)
106 21l (Remainder =1) 15,l (Remainder = 1)
o] 7

However, this is a computationally intensive and possibly error-prone approach. Instead you could
rely on the remainder definition: m 1s some positive integer y greater than a multiple of both 5 and 7.
Multiples of 35 are the only numbers divisible by both 5 and 7; the smallest three-digit multiple of 35
is 105. The smallest possible y is 1. Thus, the smallest m is 105 + 1, which is 106.

20. (A): The easiest way to enumerate all the factors of a number is to build a factor pair list, starting
with 1 and working upwards:

https://ieltstep.com



Factors of x Factors of y

1 1.2 1 120
2 60 2 60
3 40 3 50
4 30 ) 30
= 24 6 25
6 20 10 15
8 15

10 12

Thus, x 1s smaller than y but has 16 distinct factors, 4 more than y does. Therefore, Quantity A is
greater.

https://ieltstep.com
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